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Simplices
o A" C R"*! given by (tg, -, t,) with t; >0and Y t; = 1
o A" same with t; > 0

@ Standard linear maps from the faces
mj: A" A" (i=0-n)
(to, -+, ta—1) — (to, ==+, 0, th_1)
with 0 in i—th position
@ For0< j<n—1and0< /i< nwe have
m;om; = mjom_y (i>])
=mj 1 0m (i<j
Definition of Finite A—Complex

@ X topological space
o A finite list of maps 0, : A™ — X such that
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0y one to one from A™ to e, = g, (A™)

The sets e, have vanishing overlap and cover X

If o is in the list, then so is 0y om; for i =0,--- , n,

A C X is open (closed) in X < 071 (A) is open (closed) in A™

Homology

e X is a A—complex

e Ap(X) formal linear combinations with integer coefficients of maps
o, with ny = n

Y know (ky € Z)

a with ny=n

Free abelian group with basis given by maps o, with n, = n.
Elements are called n—chains
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@ Boundary maps

9: An(X) — Ap_1(X)

0w =Y (=) owom

i=0

@ Basic fact
2 =0

Proof (with n = ny)
n . .
00, = Y (=)™ oxomiom;

= (—)H'jo'aom,-oijr Z (—)iHUaoijrlom,-
n>i>j>0 n-15j2i>0

In the second term, j+1 — i and i — j. We obtain the first term,
up to an overall (—) sign
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@ Chain complex

an+1 dn
= Ch1 — G = Coog — -+

with
an o an+1 - 0
We have
Ch Chains
ker dp, Cycles
Imopt1 Boundaries
and

Imdp1 C kera, C Gy
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@ Homology groups of chain complex
Hn (C) =kerd, / Imopi1
Two cycles are homologous if they differ by a boundary
dx =0 ] = [B] if a=p+0y
@ Simplicial homology of the complex A, (X) denoted by
HA (X)

Two Dimensional Examples

@ Point and 51

0—-2Z—0 Ho (point) = Z

02 >27—0 Ho(S1) = Hi (1) = Z
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@ Torus

JU=9dD=a+b—c
da=0b=0dc=0

with chain complex
0-22%723%7z 0
and

Hy = Z
Hy = 72 (using the base a, b, a+ b — c is obvious)
Hy =2 (generated by U — D)
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o Real projective plane RP? = Sy/ (x ~ —x)

oU=a—b+c
dD=—-a+b+c
da=ob=w-—v dc=0

with chain complex
0225373472 .0
and

Hy=7Z

Hy =7,  (kerdj generated by ¢ =a—band ¢
Imdy by ¢+ ¢ and ¢ — &)

H,=0
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@ Surface of genus g with x crosscaps. Chain complex
0— Z4g72+41c % Z6g+61<73 ﬂ) ZI+K -0
If x = 0 then

d(Up—Ux+---) =0 unique generator of H,
The ¢; are homologous to a;, b;
d1 =0

and we get homology
Hy=2Z Hy = 7% Hy=2Z
If x > 0 choose g = 0 since

(g.%) ~ (g —Lx+2) (x >0)
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Then
kerd, =0
Ci 2k — 1
kerd;  generated by a;—d;, bj—d; 2K
d,'+1 — d,' K—2

Im 9, generated by 4x — 2 terms of the
fomc+a—d, c+b—d

and (reinserting g)
Hy =0 Hy =276 1g 7, Hy=2Z

@ Exercise : If one starts with chains }_ k, 0, with coefficients in an
arbitrary abelian group G one obtains the homology groups with

coefficients in G
Hp (X, G)

Compute the homology groups for the above spaces for G = Z5, R.
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Simplicial Cohomology

. . 2 d J .
o Give chain complex --- — Cpi1 — C, — - -+ and abelian group G
define cochains

C"(G) =Hom (C,, G) = C}
= group maps from C, to G

o Coboundary map & with 62 =0
5:C"(G) — C"L(G)
G2 C2e6
o¢ = @o

@ Cocycle and coboundary

dp=0 (¢ vanishes on boundaries)
Q=10 (¢ vanishes on cycles)
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@ Cohomology of the cochain complex

defined by
H" (C,G) =kerd/ImJ¢
e Simplicial cohomology
HR (X, G)

when Cp, = A, (X). A cochain ¢ € C" is like giving an element
¢ (0x) € G for each 0, with ny = n, since those form a basis for
An (X)
@ In general
H" # Hy
The above is true if G =R, C.
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Basic Homological Algebra
@ Chainmap f: A, — Bp
A oA, A
Lf Lf
d

= Bpi1 9, B, 5.
Squares commute so that
fod=dof
e Maps

cycles — cycles

boundaries — boundaries

and therefore .
Hp (A) = Hp (B)
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o f, g: Ay — Bpj chain maps. A chain homotopy between f and g is
a map
P:An— Bpia
Po+oP=g—f
In homology
8x = fr
since, on cycles, g and f differ by a boundary
@ A chain

d )
B il An B A, 1 — -

is called exact sequence if it has vanishing homology

kerdp, = 1map41
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@ Short exact sequence

0-Aa%Bl coo
means

« injective
B surjective

Ima = ker B
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o Let ) )
0— Ap 5By, C,—0

a short exact sequence of chains. There exists a map

0:Hy(C)— Hp_1 (A)

such that the long sequence below is exact

s Hp(A) 5 Hy (B) 25 Hy(C) 2

9
— n—l(A)_>

In the proof we shall refer to the following two diagrams
0 - A - B L G - o0
lo lo lo

0 — A - Bn-1 < n-1 — 0
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and -
b — ¢
!
E] b — ¢
I !
a — odb 0
! !
da — O

To define d let ¢ € C, with dc = 0. Using the surjectivity of j we
have ¢ = jb with db such that job = 0. Since kerj = Imi we have
db = ia with da = 0 since ida = 3%b = 0 and i is injective. Then

To show that the above is well defined, assume ¢ = oc. Then ¢ = jb
and b =0db+ i3 for some 3. But then ja = 0b = id3 and a = J3.

Exactness of the long homology sequence is shown by proving
kerd C Imj,, ker jx C Imiy, keriy C Imd and the opposite
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inclusions. As an example, let us show the first inclusion. With
reference to the above constrution, assume

a—03

Then
o(b—ia)=0 j(b—id)=jb=c
@ Five Lemma. In the commutative diagram below, if the rows are
exact and «, 3, 6, € are isomorphisms, then <y is also an isomorphism

A - B —- C —- D — E

la LB L 1é le
Al N Bl N CI N D/ N E/
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Examples
Homology of the simplex AN

e We will prove that (clear for N = 0)

HA(AN) =0 (1<n<N)

o Let A, = Ap(AN) and B, = Ap(ANTD)

@ Define two maps

i:Ap — Bp
P:A,— Bhia

where i is the inclusion and P is defined by

[VO’...,vn]|_) [vao’...,vnvw]



Lecture 2 : Cohomology and Homological Algebra X

We have
i0 =di (map of chains)
OP = —Pd+i (chain homotopy between i and 0)
and
By=iAy®Z (Z generated by [w])
Bn = iAn @ PA,—1 (n > 1)

o Let be B, withdb=0. If n > 1 then
b=ia+ Pa' =09Pa+ P (da+a')
Also
db=i(da+a)—Poa =0
implies da+a’ = 0 and 92’ = 0.

o If n =0 then
b=ia+ k[w] =0dPa+ k[w]
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Homology of the sphere Sy ~ 9AN+1

e Chain complex of AN+1

d
0 Ay =Z " Ay =2ZN 2 M Ay | — ..

with
keraN =1Im aN+1 =27
But ker 9y computes the N homology of 9AN*1 which equals AN+1

aside from a single simplex of dimension N 4 1. Therefore the
non—vanishing homology groups of the sphere are

Hy (Sn) =Z
Ho (Sn) = Z
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Forms

@ M a manifold. A k—form is written localy as

1 . .
W= g Wi (x) dx" A~ ANdx'* = wy (x) dx

/

QK (M) space of smooth k—forms on M (with 0 < k < dimg M)

@ Assiciative wedge product defined by
(dxil A Adx’k) A (dxf1 A Adqu) = dxT A A dxe
o Exterior derivative
d: QK (M) — Ok (m)

defined by
d (w/ (x) dxl> = djw; (x) dx' Adx!
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@ Basic properties
daNB)=danB+(—)"aAdB
d>=0 (a,-ajf(x) dxi/\dxj:O)
o Pullback
f:N—-M
£ (M) — QK (N)
locally defined by

ox't dx'k

*
(f w)jl---jk (v) = 8}7 T 8)/7

wiywiy (x(v))

and satisfying
f* (da) = df* (a)
(Fog)" =g of"
fr(aNB) =" (a) A" (B)
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de Rham Cohomology
o Complex
0—0%(M) L al(m) L a2 (M) S ... & dmeM o
e Cohomology

_ kerd
" Imd

H™ (M) (closed form / exact forms)

e Given f : N — M the map f* descends in cohomology (chain map)

F*: H" (M) — H™ (N)
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@ Cohomology ring. The wedge produce on forms descends in
cohomology

H* (M) = @, H* (M)
HY x HT 5 HEra (@] A [B] = [ ]
Compatible with pullback
([ ATB]) = £ [a] A F7[B]
@ Cohomology ring with compact support
HE (M) = ©xHE (M)

using forms with compact support QK (M) with

d: Qk (M) — QKL (M)

Note : Pullbacks do not send forms with compact support in forms
with compact support



Lecture 3 : de Rham Cohomology V

Mayer—Vietoris

e If AC M is open with i : A — M inclusion, we have the chain maps

Q" (M) — Q" (A)  restriction map
it Q% (A) — Q7 (M) extension map

@ Assume
M=AUB (A, B open)

@ Chain maps
0— O* (M) = Q* (A) & O* (B) "8 Q* (ANB) — 0
0— QX (ANB) — QF (A) & Q% (B) % ar (M) = 0
with iy, ig and ju,jg inclusions

ANBAaA M ANB B B m
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@ Short exact sequences. To show surjectivity of i3 — ig choose a
partition of unity pa, og. Given a form w on AN B it comes from

PBW D —pAw
Surjectivity of ja, — jg«- A form w on M comes from
pAW © —ppw
o Long exact sequences
- — HK (M) — H* (A) & H* (B) — HK (AN B) — HK*1 (M) — - -
- — HE(ANB) — HE (A) ® HE (B) — HE (M) — HETH(ANB) — -
Poincaré Lemmas

@ Basic statement

HX (M x R") = HX (M)
HE (M X R") = HE" (M)
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@ Projection and zero section

7T
R" xR = R" mos=1Rn
S

e Map
K: 0K (R"x R) — QF 1 (R" x R)

defined by
a (x,t) dx! 0
t
ar(x,t) dx'dt — (/0 aj (x,s) ds) dx!
@ Basic fact

sfom*—1=0

T ost —1=(—)*(dK — Kd) (chain homotopy)

Therefore in cohomology s* and 77* are inverses and the
cohomologies conincide
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@ Sample computation
(dK — Kd) (a,dx’) - K (a,-a,dx"dx’) K (ata, dtdx’)
= (—)k T </0t8ta,> dx! = (=) (a) (x.t) — a; (x,0)) dx’
o Let

e=-e(t)dt with compact support

and
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@ Chain maps

€y
Of (R = 0K (R” x R)

Tk

given by
P pAe

and

a/dx’ 0

aydx'dt & (/ as (x,s) ds) dx!

—o0
e Map
K:0OK(R"xR) — Q1 (R” x R)

defined by

ar(x,t) dx' —0

[e9)

t
ar(x,t) dx'dt — (/ a dst(t)/ aj ds> dx!
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@ Again (exercise)

7'[*06*—1:0

e o, —1= (—)k (dK — Kd) (chain homotopy)

Homotopy invariance

o Let
St F
MZMxR-—-N

us

@ The maps
ft:FOSth—>N

define a smooth family parameterized by t

@ In cohomology the map sf = (n*)71 is independent of t and so is

ff=sfoF*: H* (N) — H* (M)
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@ Two spaces M and N are homotopic if we have two maps
f:M— Nandg: N — M with gof and f o g smoothly
deformable to the identity on M and N respectively. Homotopic
spaces have the same cohomology

e A C M is a deformation retract if there is a smooth family of maps
ft : M — M with ft|4 = 14 and with fo = 1p; and f; (M) = A.
Then A and M are homotopic

o Example : Spheres Sy

SN =AUBwith ANB ~ SN,1
Long exact sequence
-— HNL(a) e HN-1(B) — HN"1 (AN B) —
— HY (Sp) — HN (A) e HN (B) — - -

implies
HN =1 (Sn—1) = HY (Sn)
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Integration and Stokes Theorem

@ N manifold with boundary if you can cover it with coordinate
patches (Uy, x;) with U, diffeomorphic to either IR" or H"” (given
by (x1,- -+, xn) with x, > 0)

@ dN given by points corresponding to dH" (x, = 0) with local
coordinates (xq, - ,Xn_1)

@ N orientable if you can choose coordinates with

dy

o Let w € O (N). Given an oriented (Uy, xy) and a partition of unity
O« define

/Nw =Y, /Ua Oaw //x n= /]R”,I[—I" H1on (X)) dx} - - dx?
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o If (Vﬁ,yﬁ) has the same orientation and xg is a corresponding
partition of unity we have

since

J
dyﬁl/\-uAdygzdet(ai) XX A A dx”

B
4
9y,
1 n __ B 1 n

@ Summing over a, B we obtain

Y /Ua Paw = ¥ /Vﬁ Xpw
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@ Stokes Theorem

/ dw = w

N oN

where, given oriented coordinates xi, - -, xp on N with x, > 0, the
orientation on AN is given by (—)" x1,- -+, xp_1

Using linearity it suffices to show it for R”, H". For instance

w="Ffdd A Adx"L
dw = (=)""1 9,f dx* A Adx"

/ dw:(—)”*/ nf dxl - - dx”
H~ x">0

— (=) / fdxl---dx”’lz/ w
x"=0 oH"
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dimH" <0
e M with good finite cover Uy - - - Up (of finite type) and
A=UU---UUp_1 (of finite type)

e AN B of finite type (covered by U; N Up with i =1,---,p—1)

@ Long exact sequences
HK=Y (AN B) — HK (M) — H* (A) & H* (B)
HL (AN B) — HX (M) — HX (A) @ HX (B)

@ Left and right factors above have a finite dimension by induction on
p. By exactness

dim HX (M) < oo dim HX (M) < oo
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Poincaré Duality

@ M orientable of finite type (with dim M = n)
e M = AU B with pa, pp partition of unity

@ Integration maps
HK (M) x HP7K (M) — R
[a] x [B] — /Ma AB (well defined using Stokes)

or equivalently

H (M) — HZ™K (M)

[a] — /M aA

The above map is an isomorphism
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@ Look at the diagram

H* (M) — HE=k > (M)
Hk(A)élBHk(B) — HIK *(A)éHc"’k *(B)
Hk (jm By — Ho—k *l(Aﬁ B)
Hk+%(l\/l) - Hé’*"’% (M)

We shall show that it is a commutative diagram up to signs. The
theorem then follows by the five-lemma and induction on the size of
the finite cover

The only subdle point is the last square. Let [y] € HX (AN B) and
[w] € HZZK1 (M)
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o The class d* [7] is defined by

d(ps7) on A
d(—pay) onB

which coincide and have support on AN B and define an element of
Hk+1 (M)
o The class dy [w] is defined by
d (paw) € HZTK(A)
d(—ppw) € HI™*(B)

which coincide and have support on AN B and define an element of
Hi—k (AN B)
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o We must show that

/d*['y]/\ i/ YA di [w

This follows from
/APAd(PB’Y)/\W‘f‘/BPBd(—PA’Y)/\W
:i/PB”Y/\d(PAW i/ paY Nd (—ppw)
*i/ (pa+pe)yNd(paw) = i/ YA d(paw)

Kinneth Theorem

o Consider the space M x N with M of finite type

@ Look at projections

MxN 2 N

Ll
M
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@ The map

H* (M) x H* (N) — H* (M x N)
[a] x [B] — [T A y*B] (well defined ! Check)

is an isomorphism

Proof similar in spirit to that used to show Poincaré duality, relying
on the Meyer—Vietoris sequence and induction on size of the finite
cover of M
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Sheafs

@ Sheaf F on X

o Uopen — F (U) abelian group
e VCU ~ restriction maps F) : F (U) — F (V)

such that

F oFY =FY (for W C V CU)
Fi=1

and such that, if U = {J;U;, then
o given f € F (U) such that f|y, =0 then f =0
o given f; € F (U;) such that f; = f; on U; N U}, then there is an
feF(U) with f; = |y,

@ Examples of interest to us

o Constant sheafs with F (U) = G fixed abelian group (Z,R,C, ---)
and ]—'L‘}/ =1
e Smooth and holomorphic sections of vector bundles
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@ Map of sheafs f : F — G are maps
fu: F(U) =G (U)

compatible with restrictions

FU) = G
L FY 16y
Fv)y % g

Cech Cohomology

@ U, open cover of X with « € | ordered countable set
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@ Cech cochains

CPWF)= J] F (Usga,)

ag<---<ap

with
Ung-ap = Ung N+ - N U,

A cochain is the following data
Wagap € F (Ung--ay)

Convention: extend Way...a, to all indices by requiring antisymmetry
@ Coboundary map

5:CP— cPT1
p+1 .
(5w)a0”%+1 =) (-) Wag-odijottp (restriction maps suppressed)
i=0

52 =0
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e Cohomology
H* (U, F)
Relation to Simplicial Cohomology

e X finite simplicial complex (double baricentric subdivision of a

A—complex)

@ Uy witha=1,---, N one of the ordered vertices of X is the
open—star of a (union of the interiors A of all simplices which
contain &)

@ U, is a good finite cover and

Uy > Vertices
U I-simplices (Uypg # @ iff the 1-simplex a—B is

part of the simplicial complex X)
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@ Cochains coincide
CP (U, G) =Hom (A, (X), G)

where G is the contant sheaf. Also coboundaries coincide and
therefore

ngch (U,G) = HZ (X, G)
Cech—deRham Complex

o Good cover U, of X with partition of unity py

@ Double complex
KP9 = CP(U,Q%)
§: KP9 — KPHLa

d: KPP — KPatl
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o Cech-deRham complex

K'= @ KP9I
p+gq=n
D=6+ (—)Pd
with
D? = 6%+ d? + (—)Pod + (—)PT dé = (—)P[6,d] = 0
o Cech-deRham cohomology

« _ kerD
™ ImD
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@ Double inclusion

00254 K0:2 K12 K22
00145 KO0.1 K11 K21
0—- 004 K0.0 K10 K20
Ti Ti Ti

Co°(U,R) C'(U,R) C?(UNR)
T T T
0 0 0

induce maps in cohomology

r*: H* (X) — Hgp
i*: H*(U,R) — Hgp
@ Colums are exact since U is good and on the intersections we use

Poincaré’s Lemma (it is exact in dimension zero at K0 since we are
quotenting by constant functions C¥ (U, R))
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@ The rows are exact. Define the map
P . KP9 _, kp~Llaq

(P“’)aomap,l = (_)pzwtxo---appap

&p
We have that
Pé+6P =1
and each cocycle is a coboundary
@ Proof
+1 s
('D‘sw)ao‘ wp )p Z Z w"‘O“‘“l“'“erl pﬂlpﬂ
Xpt1 i=
p
(5Pw)ao~~~¢x - Z Z wﬂ‘O"'“:"""p+1 plxp+1
=0 IX

All terms cancel aside from the term with i = p+ 1 in the first sum
which equals w since } | Pa,,; =1
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@ The maps r* and i* are isomorphisms. We have therefore

r* i*

* * o~ ~ *
HdeRham - HCD - HCech - HA

o r* surjective : Let w € K? with Dw = 0 (the general case is

analogous)
w1 n— w1
a1 w2 0
Ko W3 i) 0 0
Since dw3 = 0 choose &y so that dap = —w3. Then w 4+ Day has

no elements in K20, Analogously | can choose &7 so that

w + D (a1 + a2) has only a non-vanishing element @7 € K92
Since 6@y = 0 it must be the image of a globally defined closed
2—form 7

* I'*

@ r*, i* injective and /* surjective are proved in similar ways
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Basic Construction

@ Manifold M and open cover U,

@ Smooth maps
8up : Un N Ug — GL(n,R)

such that
8up 8By = Buy (On Uy N U/g N U’Y)
(this implies gue = 1 and gy = g/glxl)

@ Building blocks
Ey = Uy xR"

with equivalence relation
(x,v) EEx~(y,w)€Eg if x=yandv=gyw

o Total space
m:E— M
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@ A section s, is given by
syt Uy — R"
Sa = 8Bap SB

o Given a map f : N — M the open cover V, = f~1 (U,) and maps
8ap © f define the pullback vector bundle on N

1l — E
;4 ;4
N Loowm

e Complex bundles : replace R with C
Holomorphic bundles : M complex manifold, replace R with C and
smooth with holomorphic
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@ Two vector bundles (Ua,gaﬂ) and (Ua, h,xﬁ) on M are equivalent if
there are smooth maps

At Uy — GL(n,R)

such that
8up = A hup /\ﬁ_l

If the open covers are different, pass to a common refinement first.
Various equivalent representations (U,X, gaﬁ) are called trivializations

Basic Examples

@ Trivial Bundle
E=MxR"
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@ Tangent bundle TN with transition functions
(gzxﬁ),-j =

where x; are coordinates on U,. Sections V; : U, — R" are vector
fields
d

i 9
Z Va ox/

1

@ Holomorphic tangent bundle Ty with N a complex manifold and
with transition functions

(gixﬁ)ij =

where z; are holomorphic coordinates on U,
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Orientable Bundles

@ A real vector bundle is orientable if it has a trivialization with
transition functions g, such that

detgys >0

@ Two simple facts

o A manifold M is orientable if TM — M is an orientable vector bundle
o If M is an orientable manifold and E — M and orientable vector
bundle, then E is an orientable manifold

@ Basic facts

o A real vector bundle always admits an O (n) trivialization
o A complex vector bundle always admits a U (n) trivialization
o A real orientable vector bundle always admits an SO (n) trivialization
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Operations on Vector Bundles
@ Basic operations on vector spaces
Ve w
Ve w (also Symk V and /\kv)
V*

extend to operations on vector bundles V, W — M, with transition
functions given by

8up D htxﬁ
&up ® htxﬂ
t( —1
(gg(‘B )
Important is the line bundle /\dim V'V with transition functions

det (gaﬁ)
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e Complex conjugation E of a complex vector bundle E has transition
functions g;ﬁ

@ The complexification E¢ of a real vector bundle E has
dimgc Ec = dimp E and the same transition functions using the
inclusion

GL(n,R) — GL(nC)

7 T
O(n) — U(n

@ The realization ER of a complex vector bundle E has
dimgr ER = 2dim¢ E with transition functions

1
001---
Re —Im -
_ -1 8up 8up . _
(g,xﬂ)]R =M ( Imgy  Regas ) M with M= 01

0001
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and M € O (2n), defining the map (since det(g,p)r = ]detga/g}z)

GL(n,C) — GL(2n,R)
7 T
U(n) — SO (2n)
Therefore ER is orientable
@ Exercises: show the isomorphisms as complex bundles
o (ER) ¢ ~E® E

o E~FE*
More Examples

o Cotangent bundle T*M with sections one—forms

o Bundles TM®-- - TMP T*M S - - - & T*M with sections tensors
o AKT*M with sections k—forms
°

Holomorphic cotangent bundle Ty, and Nk Ty
o Canonical line bundle Ky = AdmcM T
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@ A basic relations
TMc=Tpy® TM

Connection and curvature
o E 5 M vector bundle with trivialization U, and &up
@ Section
syt Uy — K" (K =R, C with n =dimg E)
Su = 8upSp

@ A connection are one—forms A, on U, with values in gl (K, n) such
that
(d + Ax) sx = Dsy

is a section of E ® T*M so that
Ds, = g,xlgD55

This implies
Ax = 8up A,B 8pa T 8Buap dgﬁa
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@ Curvature
Fo = dA, + Ax N\ Ay

so that

Fo = 8up Fﬁ 8Bu
DFy =dFy +AsANFy — Fu, NAy =0 (Bianchi Identity)
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First Chern Class
@ M of finite type with U, a good cover and p, partition of unity

o LM complex line bundle with gyg : Uy N Ug — U (1)ecC*
(since U (1) = SO (2) it is like considering real orientable vector
bundles with dimg = 2)

@ Define )
Wyp = *%gaﬁ dgﬁa e k!

One has

wyp & dIngyg — dw =20
8up 8py = Buy — Sw =
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@ Define

1
Oup = 5o Ingyg € K10 (choice of In possible since U, is good)

Ay = —271i Ypwap pp - € KO1 (it defines a connection )
so that A
do = — =
27t

@ w is cohomologous to

1 1
! oA o
2 (59)04;7 = eaﬁ -+ 957 — 9067 = Nypy

@ Cohomology class in H2 (M, C). If we change connection to A + a,
then a, = ag defines a global one—form and F — F + da changes by
a boundary

@ nypy € Z constants on Uy N Ug N Uy. Integer class in H? (M, Z)
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Denote with
a (L)

Chern Classes

o E 5 M complex vector bundle with dimc E = n and with
connection A and curvature F. We define the total Chern class of E

c(E) = det (1—217_“,/:) =cq(E)+ci(E)+--+cn(E) € H*(/\/l)

where
o (E) =1 ¢ (E) € H? (M)

o Classes independent of connection

@ For an infinitesimal variation Ay, — A, + €, one has ¢, = 8up €p Bpu
and Fy — Fy + Dey with Dey = dey + Ax A€y + €4 N Ay
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@ The variation of
Tr(F")

is proportional to (using Bianchi identity)
Tr(De F"1) = Tr(D(e F"1)) = d Tr(e F"1)

© Given two connections A and A’ so is the convex combination
XA+ (1—x)A
Basic Properties

o Naturality : given E — M complex vector bundle and f : N — M

one has
c(f1E) = f*c (E)

since f*A, defines a connection on f1E — N

@ Whitney sum rule
c(E®F)=c(E)c(F)

Given connections A, and B, for E and F, choose A, & B, as
connection for E & F
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@ Splitting principle : Given vector bundles E; — M there is a
0 : N — M such that

ailE,- is a sum of line bundles
o*: H* (M) — H* (N) is injective

Suppose P (c (E;)) is a polynomial on the Chern classes, and
suppose that we have shown that P = 0 when the E;'s are sums of
line bundles. Then in general

P (c(E)) = P(c(c™1E})) (naturality)

=0 (the 0 LE; are sums of line bundles)
Since 0* is injective we conclude

P(c(E)) =0
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Some computations

@ Given two line bundles Ly and Ly one has (trivial check)

a (L1 ® L) =ci (L1) +c1 (L2) ci (L) = —a (L)
olet E=1L1&---® Ly with c(L;j) =1+ x;. Then
c(E)= Hi (1+x)
¢ (E) = k' Z Xip X,
inFip

olet F=L;®---@® Ly with C(Z,-)zl—i—y,-. Then

C(EQF)=TLij(14+xi+y) =1+Y;; (xi+yj)+---
=ltma(E)+nc(F)+--

o If m=1 then

C(EQF)=TL(1+x+y) =X (E) " (F)
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o Exercise : Show that ¢; (E*) = (—)i ¢; (E) and compute Chern
classes as symmetric polynomials in the x; and explicitly for low
degrees for

RE=0 (L, ©--aL,)

/\kE = 69"1<“'<f1< (Lil @ ® Lik)
Sym KE= @hS“'ka (Lil ®@---® Lik)
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More Complex Classes

o Classes defined using the splitting principle

Td(E) = [liT—i= Td (E @ F) = Td (E) Td (F)
L(E):H,ta:r’;XI L(E®F)=L(E)L(F)
A(E)—H,m A(E®F)=A(E)A(F)
ch(E) =Y,;e% ch(E®F)=ch(E)+ch(F)

ch(E®F) =ch(E)ch(F)

Pontrjagin Classes

@ Given a real vector bundle E — M of dimg = n we define the
Pontrjagin classes as

p(E) = c(Ec)
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e Since E¢ = E} and since ¢; (Ef) = (=)' ¢ (Ec) we have that
2¢pi41 (Ec) =0  (pure torsion of order 2)
The above classes are usually discarded and one defines
pP=pPo—prtp2—-=cqtatat-
pi (E) = () e (Ec)
e Since (E® F)c = Ec ® Fc we have
p(E®F)=p(E)p(F)
e For a complex manifold M
TMc =Ty & Ty
p(TM) = c(Tm) e (Tm) = TTi(1 — x7)
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Euler Class

@ Real orientable vector bundle E of dimg E = 2n with SO (2n)
transition functions

e Choose s0 (2n) connection with curvature Fy

e (E) = Pf <F>

27T

@ Euler class

where

1
Z (7)0 X171172 T X‘72n71‘72n

2np! o

Pf (X)? = det (X)

Pf (X)

The class is closed and independent of the connection in cohomology
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@ For a complex vector bundle F of dim¢ F = n
cn (F) = e(Fr)

Choose U (N) transition functions and u (n) connection with
curvature fy. Then FRr was so (2n) curvature

Fo = (frx)JR

Fo\ i\ > Fy\2
det (271) = |det (27‘() = Pf o

To check phase consider case n = 1 with f, = —27ti. Then

Zﬂr—(_ol é)anddet(,"'f}[)_pf(g)_L

@ Exercise : Compute the Euler class of the tangent bundle TM of an
orientable manifold M of dimension 2n as a function of the Riemann
curvaltu2re RW"‘/_o, and the volume form /det gm,dx1 -+ dx2n for
n=1,2.

Clearly
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Dolbeault Cohomology
e Since T*M¢ = Tj,; ® Ty, we have that

QE (M) = @erq:nQp'q (M)

with QP9 forms with p dz's and g dz's

o Differentials . B
d=dz?9,+dz? 95 =9+29

with
3: QP9 — OP+La

J: QP9 Opatl

and
2 =02=00+030=0
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@ Dolbeault cohomology

_ kerd: QP9 — Qp.atl
~imo:Qpa-l — QP9

HE (M)
In particular
Hg'O(M) holomorphic (p, 0) —forms

Exact Sequences in Cech cohomology

@ A sequence of sheaf maps
S FA5H ﬂ g —
is exact with respect to a covering U; if the induced sequence
B
— F(Ujgip) = H(Ujgowiy) = G(Ujoiy) —

is exact for each U,-O...,-p
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@ Given a short exact sequence
0O—-F—-H—-G—0
we have a long exact sequence in cohomology
0— H(F) = H'(H) —» H°(G) —
— HY(F) — -
o Given a sheaf map F = H define the kernel sheaf ker (a) by
ker (&) (U) = keray : F (U) — H (V)
A long sequence
— Fn1 S Fn 8 Fp —
is exact if and only if xp0ap 1 =0 and if
0— kerap — Fpn — kerapi; — 0

is short exact
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Dolbeault’s Isomorphism

e Dolbeault’s Lemma. Locally (on C") if dw = 0 then w = d7. As an
example, if n =1 and w = w (z, z) dz then we can choose

o\ _ I [fdwAdw - T
n(z,z)= 27‘[/760('”' W) (recallaz =mé°(z,2))

z—w
e (P9 smooth (p, g) forms and AP holomorphic (p, 0) forms
@ With respect to a good cover on M
09 Ap.1 9L Hp,2
00— AP - QPY 3 OPY S5 OP — ...
is exact. Equivalent short exact sequences

0— AP — QPO% — kerd; — 0
0 — kerd; — QP — kerd; 1 — 0 (i>1)
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o Use

Hk (P9 =0  fork>1
HY (F) = F (M)

and long exact sequences in cohomology

H9 (AP) = HI71 (kerdy) = HI 72 (kerdy) = - -
ker dgq

Therefore
HI (AP) = HE-’;’C’ (M)
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@ Let L be a holomorphic vector bundle (and the sheaf of holomorphic
sections) Then

0—L—L@0%0% g0l d .
produces the isomorphism

ker 0
HE(L) = Im o ql
g

closed/exact (0, q) forms with values in L

@ To obtain an integrable form on M we must integrate against a
section of
[*®K® Q%9

Serre duality
HI (L) =H"9(L*® K)

o Note : the Cech—deRham isomorphism H* (U, R) ~ Hj gpam (X)

. d d
can be shown as above starting from 0 = R — Q0 5 Ql % ...
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Hermitian Metrics

@ Definition
8ab = 855 = 0 (always exists)

@ Kahler form
we QM (M) (real form)
w=1ig,p dz® A dzP

@ Volume form (exercise)

1
= w'™ = /det g;; dxldyl - - dxMdy™

@ Hermitian connection F;b on Ty, defined by

o I'l, =0 (possible since Ty, is holomorphic)



Lecture 8: Complex Manifolds VIII

e metric covariantly constant

028z — I'5p8cc =0

with connection on Ty

Iz, =Tb.

[YRHl

C
o Explicit form )
Fgc = gbbaag[)c
@ Non—vanishing torsion
b b bb
Iae—Téa=¢ (aagEc - acgEa)

@ Curvature

R 4ap = =950 5d R dab =0

Kahler Manifolds

o Equivalent definitions
e dw=0
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o Hermitian and Levi—Civita connections coincide
e Vanishing torsion
o In components

0a8hc — 9c&ha and c.c.

o Curvature is Riemannian and satisfies R¥(,5,) = 0 so that

@ We have

ca(Ty) = ﬁRaB dz? A d?E

o Kahler potential : Given a good cover U, of M then (Poincaré
Lemma and decomposition of forms) one has real functions K, on
Ux and holomorphic functions fyg on Uy N Up such that

w:iaélC,x on Uy
’sz_lcﬁzfaﬁ‘i‘ﬁxﬁ onU,XﬁUﬁ
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cpn
@ Homogenous coordinates (zo, cee ,z,,) not all zero up to
non—-vanishing complex rescaling

o Tautological line bundle S in the exact sequence
0—-S5S—>CP"xC"t - Q-0

Exercise: Given the open cover U; C CP" defined by z; # 0 we
have transition functions for S
Zj
8j = .
Zj
Moreover
Tepn = Q®S*
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@ Fubini-Study Kahler potential

,C,' = In 721 _J J
ZiZj

Ki— K = In 32

ZiZj

@ Gives a connection on S
A,':a,C,' A,'—Aj:dh‘l (Z,/ZJ)
with
x=—c(S)=— L dA —iw
- o2 T 2m

@ Cohomology of CP"

H?<(CP",G) = G for k=0,---,n
= 0 otherwise

Cohomology H2¥ generated by xk
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Hodge Dual

o N real orientable manifold of dimg = n with metric g (with s
negative eigenvalues) and volume form e

o EA orthonormal basis of T*N with norm a4 = £1 and with
e=E'A---nNE"

o Let
w=EMA.-..AEA

If By ---B,_) are the complementary indices to Ay - -- Ai and 7©
the permutation of 1---nto Ay --- AxBy1 -+ - B,k we define

*W =1 A, (=" EBLA ... A EBrk
o Clearly

x: Ok 5 Qnk

*2 — (_)s (_)k(n—k)
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o If

o I A A XA-A
— —FAT AN EA 1Ak

we define )
A--A
0(‘,3: EaAl“'AknB 1k
Then (exercise)
xA*xB=BA*a=a-B€

@ In components

L ApA
— 1Ak
(*a)Bln-Bn_k - k[ ‘XAI“'AI( € Bl"'ank
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Laplacian

@ Assume N compact and define symmetric form on k—forms (positive
definite if s = 0)

)= [ wnxp
One has
(dzx,ﬁ)z/doc/\*ﬁ:(—)k/tx/\d*ﬁ
= () (PRI [ans2dp
o

(du, B) = (w,d"p)

dt = (—)"kFDHIEs gy 0k - okl
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@ Assume s = 0 from now on. Define the laplacian
A =dd" +dtd: Ok - QF

Since
(a, M) = |da|? + |dta|?

one has that
A =0 & dao =0 , dfa =0

o Consider a cohomology class [a] and assume there is a harmonic
representative Aw = 0. Then

@ « has minimal norm in the class since
|+ dB|* = [af* +2(d"a, p) + |dB[* = |af* + |dB|?
@ « is unique since

dt(a+dp) = d*dp =0 - |dB[* = (d"dB,B) =0
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@ In coordinates

(d'a)ppn,, = —V:A%an,.4,,

(A‘X)Al---Ak = —VAVADLAI...Ak

Hodge Theorem

o Let HP C QP the harmonic forms. Then

o dim HP < oo and therefore the orthogonal projection P : QP — HP
is well defined
e There is a unique Green operator

G: QP - QF
such that GHP = 0, it commutes with d and d*and

1=P+AG
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o Corollary 1: Since
& = Pa+d(d"Ga) 4 d" (dGa)
we obtain the orthogonal decomposition
OF = HP & dOP L @ dT QP!
\—’_/
closed forms
and the isomorphism

P — HP
HdeRham =H

@ Corollary 2: If & is harmonic so is xx. Since * is invertible we
recover Poincaré duality

*x: HP — H"P
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Complex Version

o Let N complex, compact with hermitian metric g, Kahler form w
and dim¢ N = n. Then

* 1 QP9 — QPan=P
2 +
82 = (—)PH

@ Hermitian product on QP9
a,BY= | aA*B
)= [ wnsp
Since d = d on O™k we have

(0, B) = (w,9"B)

of = —xox: QP9 - P91
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@ Laplacian and harmonic forms
Ay =09+ 99"
HET C QP
Hodge decomposition
0P =HETH 0PI o ataPat!
P9 _ 1/P.q

Hé = H3

@ Isomorphism

’H‘P'q Hodge:dual * Hn_q'n_p complex c:onjugation H?_p'n_q
)
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o If N is Kahler then 1
Ay =247y = EA

Implies Kahler decomposition
k _ p.q
H" = ®p+q=k HE‘)
P9 _ 2/9.p

Introduction to Hypersurfaces in CP"

o Let p(zp, - ,zn) a homogeneous polynomial of degree d and
assume that

Mc P" (omit C from now on)

defined by p = 0 is a complex manifold without singularities

@ Tangent bundle

Tpnlp = Thp @ Ny (normal line bundle Ny)
c(Tm) = c(Tpo)lm / c(Nm)
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@ Use the exact sequences

0-S—C"*l 5 Q-0
05C—S"! L T =Q®S* =0

to get
c(Ta) = c(§)™ = (14x)"

@ On U; C CP" defined by z; # 0 define

20 Zp Pj Zi d
pi=pl— -, — J— (L
Zj Zj Pi Zj

Sections of S are given by

and define functions on P which vanish on M and therefore

S9N = Ny,
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@ Therefore (omitting |p/)

c(Np) =1+dx
c(Ty) = (1+x)" /(14 dx)

and
a(Ty)=(n+1-d)x

er1(Tw) = 35 (1= )™ =14 (n 4+ 1)d] 51

o Euler characteristics (true for Kahler manifolds as we shall see)

x(M) = [ cn(Tu) = 3 [1= )"~ 14 (n+1)d]
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@ We have used

/ x"t=d [ x"=d

M pn

This can be shown using the connection for 59
A,' = —dlIn Pi

with curvature a ¢ function on M such that

1
/M.”—E/PndAi/\ﬂ

ﬁdA; = d - x + coboundary

Variation of complex structure

@ Complex structure
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@ Variation is
Aﬁf:g holomorphic vectors on Uy N Ug
such that
5(Af)=0

modulo holomorphic reparameterization of the z, given by
H

Zy — zgf +e,§l or
o€
Therefore
HH (T) P2 HH(Th @ k)

@ When n =1 then K = T, and

HY (Tp) = HO(K?) = K2 (M) quadratic differentials

o If K is trivial
H (Tw) = H" 1 (M)
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Definition
e E,F — N complex vector bundles with N compact and oriented
@ Orded D differential operator

A:T(E)—=T(F)
e Given local coordinates x' and trivializations of E, F

— Z Ailmik (X) ail L. aik
0<k<D

with Ak (x) matricies dim E x dim F
@ Maximal symbol

Ao (x) € T <SymD T @ Hom (E, F))

A elliptic if o
Afip (X) Pi, *** Pip

invertible when p; is real and non—vanishing
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@ Basic fact : If A'is elliptic ker A and coker A=T (F) /im A are
finite dimensional. Define

index (A) = dim ker A — dim coker A

Hodge Theory

@ Hermitian form on sections
<§v5>E,F:/N heF(5.s) €

with hg g hermitian metrics on E, F and fixed volume form €

@ Integrating by parts construct adjoint

AT (F) =T (E)
(3,As)F = (A"3,5)

If Ais order D and elliptic so is A
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o Elliptic, selfadjoint and positive Laplacians
O = ATA Of = AA
@ Hodge Theorem : Let Ty (E) C T (E) the eigenspace of g with

eigenvalue A > 0. Then
o dimT, (E) < co with discrete spectrum
o Ly (E)=a,T') (E)
° 1F(E) = Pg + UgGg with
PE . F(E) — ro (E)
Ge:T(E)—>T(E)
orthogonal projection and Green operator with GeI'o (E) = 0 and
UeGe = GEUg
and similarly for F
@ Basic consequences

o Io(E) =kerA
o I'p(F) = coker A



Lecture 10: Elliptic Operators IV

o A:T) (E) — T, (F) isomorphism for A > 0

The second point follows from
s = Pps+ A(A"Grs)

The third from
AtAs = As

for s € T) (E). Applying A we get
AAT (As) = A (As)

so that As € Ty (F). Also As = 0 implies s = 0 so that A is
injective. Finally for s € T) (F) we have s = A (ATGgs) and A is
surjective
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Heat Kernel and Seeley Formula

@ The trace (for g )
Tr(e tY) =%, e dimT,

converges for t > 0
@ Asymptotic exansion for t — 0

7t|] E t2D / Vk

k>—n

with y built canonically from the coefficients of [

@ Index

index (A) = Tr(e t He) — Tr(e™t UF)

—/ po (O —/Mllo (OF)
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@ Locally Ois o
etk (X) J: - -

nh : aI
0<k<2D

k
with O matricies m x m with m = dim E = dim F
@ Fix p; and define symbol of a differential operator a as

o(a) = e iPx 5 elPx

o (ab) = o (a) o (b)

Obtain by replacing
0; — 0j + ip;
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@ Define
c=0c(d-A7)
=09+01+---+0oop_1+(02p —A)
o

where 0y is of order p’ (with A ~ p?P). We have in particular

0'0:|:|

0op = maximal invertible symbol of [J

@ Assume from now on

Oop = a(x, P) “Imxm
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@ Define

. 1\ 1
0_0<D—/\) T A Aty
1 1 1
a—)\ia—)\pa—)\
0 op+0 opp1+---

where 07 is of order p’

o Acting with derivatives of p on the terms 1/ (a — A) one gets

&f:;(ai_;)”l 07 (¢ > —2D)

where 7 is polynomial in the p;'s of order
£+2D(s+1)>0

and polynomial in the coefficients of [J and their derivatives
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@ Consider
_ dr 1
(xle™*Olx) = - i ¢ e <x|D 1)
= 2m e (x| [p) plx)

N /2n,/dp e o (x.p)

where & (x, p) is the symbol & without derivatives (acting on the
constant function 1) and T is the path circling the positive real A

axis
@ Use JA 1 s
— 27_“ meﬂ\t _ (_)s e at o
to get

dp VIR
(e P ~ 1 [ i €7 7 08 ()
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@ Write the d"p integral as

where 171/2P is the radial variable (p?P ~ 7). We then get

—t (2m)~"
(xle 0 ~ 2

Z/dﬂp o7 (x.p) -

Dy o £ 0
17 s!

@ Define
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@ Integrate on 7 to get

o Invariance of trace under (0 — AL, t — A1t implies

i (AD) = A% 1y (O)
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Gilkey's Argument

o Let 1t (g) be an n—form built from the metric g,p, its inverse g2
and derivatives of the metric up to a finite order. Going to normal
coordinates it is constructed terms of the form

v31 e Vaanl,,,b4 (*)
o Assume that y (g) is of weight k
n(A%g) = A (g)

o Consider a monomial with r terms of the form (%) with a total of d
covariant derivatives. Out of the 4r + d indices 4r + d — q are
contracted with g2 and the other g are antisymmetrized. Since the
weights of Ry, ...p, and gp, are 2 we have

k=q—2r—d
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@ In Ry, ...p, at most two indices can be antisymmetrized otherwise
one gets a vanishing contribution. Therefore

g<2r+d
k<0

o Consider the case k = 0. Then d = 0. This follows from the fact
that (%) vanishes also if we antisymmetize two b indices and one a
index due to the Bianchi identity. This implies g = 2r

e Using

Rabcd = Rcdab = _Rabdc

1
Ralbcjd = 5 Radbe

every monomial is built from terms of the form

Riviyljj, Risisjsja "+ R (j indices antisymmetrized)

iriqu—ljl]
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@ Therefore 1 (g) is built from Pontrjagin classes when k = 0

@ More generally, let E — N be a complex vector bundle with g a
metric on N and h a metric on the fibers on E with V, a
connection on E such that h is covariantly constant

o Let u (g, h) have weights

(A%, h) = A¥u (g, h)
1(g A%h) = Ay (g, h)
By similar arguments

e u=0ifk>0o0rif {#0
o 1t built from p (TN) and c (E) if k=¢=10
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The Signature Theorem

@ N compact oriented Riemannian manifold of dimension n = 4k

o Elliptic selfadjoint operator
A=d+d :Q—Q
Q=@,0°f
O=A%=dd" +d'd = Ayodge
@ Involution
T:0P — Q%P
T — iP(P—1)+2k

=1
AT+ TA=0
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@ Decomposition

Q=0,00_ (tTon Q4 is £1)
A:Q+ — QO
At=A:0_ - Q.

@ Index of A

ker A = Harmonic forms N Q

ker A¥ = Harmonic forms N Q_

@ By Poincaré duality, for p # 2k
Ak— 1—71 1471
HP @ HY™P = — HP & > HP

The two spaces on the right have the same dimension and do not
contribute to the index
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e Also
2k 2k 2k
H = H+ @ H_
ind (A) = dim H2K — dim 12k

@ Note that for n = 4k we have T|nn/2 = . In the case n/2 odd then
*2=—1and T|n/2 = Ei*. In this case complex conjugation
exchanges Hik and H2k and the index vanishes

o Nondegenerate (by Poincaré) bilinear form - on H2k (N, R) given by
al - = [ aAl
- 181 = [ wnp
o Signature of - denoted by sign (N). Since on H3k
:I:oa-oc:/vc/\*oc: |oc|2 >0

we have that
sign (N) = ind (A)
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e Since under g — A2g one has [0 — A2 by Gilkey one has

sign (N) :/N fk (P1, -+ PK)

with fx a polynomial in the Pontryagin classes p;

o To fix fy it suffices to consider the spaces
Pojy X =+ X Py, (Liki = k)
using

sign (M x N) = sign (M) sign (N)
sign (P2p) =1
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@ Note that

/P2 L(Tp,,) = 1

q

since

L(Tp,,) = L(s%)20+ = ( X )2q+1

= X2

tanh x

and that L(M x N) =L (M)L (N)

@ Therefore
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e Notation : For a complex manifold we denote with L (N) = L (Ty).
Since L is even in the x; it actually is only a function of the
Pontrjagin classes

2 2
pk (TN) = Z Xi X

<<k

For a general manifold we define L (V) using its expression in terms
of the Pontrjagin classes, which starts as

11
L(TN) =14 3p1+ 32 (T2 —p}) + -

The same comments apply to A(TN)
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General Index Theorem

@ N compact orientable of even dimension dimgr N = n

Eq — N complex vector bundles

Complex

0T (E) RT(E) S =T (Em) —0
diy10di=0

@ The maximal symbols ¢; (p) of d; give maps
0—>E0@>E12>---—>Em—>0

Complex is elliptic if the above is exact
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@ Like before

F( &b E,-)—>F<EBE,->
i even i odd

A=Y di+d

i even

At = Z O','—f—d,?L
i odd

@ Index Theorem

ker d;
|m d, 1

Td (TNC)
/ ZI i) TTN‘)E

ind(d

| ||
n WMS
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Hirzebruch—Riemann—Roch

@ N complex manifold of dim¢ N = n

o Elliptic complex (exercise)
0—>Q(\)/’0£>---3>Q(\)/’"—>0
with

0,
qu =T (Eq)
Eq=VaNITy
V' holomorphic vector bundle

@ Use splitting principle

Tn=@®i L
NTh = Bicciy (L@@ LF)
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@ Obtain

c (L,‘) =1 +X,'
ch(Eq) =ch(V) ) eaF "

i <<

and

Y. (=) ch(Eq) =ch(V) IT; (1—€¥)

q

@ Todd class

Td(TNc) = Td(TN@ TN) ZTd(TN)Td(TN)

:Td(TN)Hiﬁ

@ Note that

(Tn)r = TN
[Tixi = cn (Tn) = e (TN)
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@ Therefore
ind (3y) :/ch(V) Td (Ty)
= V)~ H (V) 4
where h9 (V) = dim¢ HY (V). Recall also Serre duality
h9 (V) =h"9 (V" @ K) (K=A"Ty)

Riemann—Roch

e N Riemann surface of genus g (n = 1)
o Usex/(1l—e™)=x/24+--- and

ind (0) = %/q (Ty) = h00 — p01

We use that N is Kiher and h01 = p1.0 = ¢
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@ Given a holomorphic line bundle L

ind (9.) = h% (L) — A (L)
=h (L) - (K® L)

@ Index theorem
. = 1
ind (3,) = [ (1+5a (Tw) 1+ a (L)
=1—g+deg(L)
@ Degree

deg (1) = [ @1 ()

= # of zeros — # of poles of meromorphic sections
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@ To show use connection

Ay = —dlIns,
Su = BupSp meromorphic section
When
Sy = 2"
d
Ay = %
z
1 Fo=nd(z,z) id N dz
sofe=n (z,z SdzAdz
@ Clearly
K (L) >0 = deg (L) >0
and
h(C)=1 deg (C) =0
W(K)=g deg (K) =2g —2
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o Finally
W (Ty) =3g —3+h° (Ty)
KO (Tw) =0 for g > 1 since deg (Ty) =2—2g
Twisted Hirzebruch Signature Index
@ N real manifold of dimg N = 4k
@ Given complex vector bundle V look at V—-valued g—forms
Q?/ =T (AT (TN")c® V)
.09 q+1
D:Qy — Qy,
D = d + connection on V

and

A: QL — Q-
A=D+ Dt
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@ Index theorem

ind (A) = 2”/2/ch(v) L(TN)

x;/2

L(E) = H'tanhx,/2

Dirac Index

@ N real manifold of even dimension n with fixed metric and spin
structure

@ V complex vector bundle with connection
@ S positive and negative chirality spinor bundles

o Elliptic complex
D:T(St®V)—=T(5-0V)

with adjoint
D:T(S5-V)—=T(5:0V)
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@ Index theorem

ind (D) = # of zeros od D with positive chirality
— # of zeros od D with negative chirality

:/Nch(v) A(TN)

with

- 1 1 )
A(TN)=1— — — —4
(TN) 5P T 5760 (7p1 pz) +
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Euler Index

@ deRham complex
004 ... 9dan g
has index the Euler characteristic
x(N)=ind(d)=h —hrt+...
= /Ne(TN) (n even)

and 0 for n odd by Poincaré duality



