- Introduction to Black Holes | Page 1 of 110

-J-‘DJ’CMQOCHO% %o bSlack holes -
/; > ; LS A LK S e i \r = A

”’ B\d&oﬁ B@/@j’ (EK\ L{ %i@eugfjonf \

® Unig k)%vQ.S'j

© RH mechonics ) trorday
BH %W@Aybm N ev) \
) In ﬁo i e ﬁr v ”liﬁl"fO@Ox /
/

— Bf/zc;/& Loles £ Yronox (e ‘}5(4)\@/ OEI‘E’Z*"/‘J‘/YC’ﬁf

If)d*dbqucffdﬁ f \)\my D>(’/‘

VBlack broare s

‘3(005”(‘y§ * Stwess femsor %,— p block Mrove s

Dunase /s C‘)/’ &ﬂ£/ 1['9,()/ %»m br-amej

? St=d d\{;q/u-f 9 Nicek %d*/oé 53

;( Té{mt,éo [As

[0 Buoun ples of s, &fack/o(d,r

N | ‘W’) / <) (F)“e/\”ﬂ'ﬂrxﬂf))@kj + (Oreg Ofy Lq )C(
A A | ostbillty
r # pq}l . &{’l\d]\ » /B_IO ﬁ » O{}gﬁ% /(‘ (O C-QC/
K Sdrlrg duea /L, . |
-/ /7
T. Harmark Laces 2013




Introduction to Black Holes Page 2 of 110 1

W D=4 Dlack Noles

e

—

Vhis part wilibe op o D=4 PBlact boles
T will indeaduce Sorsze of He mrals
Cdescs, tresolts opcd  concepts dhat
Mo ot theoreflc =i r“Q_SQQQZC}\ buclels on,
\m‘f@«’f/ﬂ)h C\S ’(‘O é@o ML\S (‘//1 “ ﬁc‘X/'“Q

o Sdhjecks -
’ BH }ﬂ%\ yf/ ca ;/’ro)éwvf‘ €S
“H %\EQN\MI
’ DH *L:DMOO&/'\OWICS Cbrx(/} UL/O"kuu/Cr ?‘O]
W‘O“m% op

. §>H ()mc%qu 5 ¢

I o TKO/("\ 01(717 fola qua&(o)(

- Q O‘W (\)/( Oz *é«@\‘é'j

\ Méd‘ozg cs

3 ) Kl\”t\n\; VQCj—Of CO@Y

LI) % K/(t/tq ?\Wm_oy\

7

5 Delg ueness .

) A, 3 A
) BH wed emles

&) Howklg & Dnodr tomp.
O éﬂ e %QH‘“OOQ\///)Q%/ Cs

b4

{O) I/\ZOW*QJ*(G&% /oéwcm@o)(

_T. Harmark Laces 201%




Introduction to Black Holes Page 3 of 110
EH/ metirics - z
|
161}41*@@(\ égf(; : (COS(/“\. const, /\=O>

SF’ULJL —'H R rattes

l jaomg“fy?/

Matfe Corves f‘/mct-ﬂ'w,f,ﬁ. Light reus

W@Wﬂ&%« be_hO’( e o
l ﬁ*ﬂiw‘&*w/zcﬂk Fﬂcéo(

5H /s W e whon o

Ly So C,Of\ag,l/\;‘lOQ I\‘L/)JL'(._ an {i\/e/"(f'

Yorxoe, appreats
EH - L{j\f c amnot e Yda

Constdry Lav{@ T/V =0 Ou%ﬁd&/

6{/\3_(‘6{‘/\ Q%%: T{/,W:O a

T\pe) pretsrss

j)chwcwz;,sAm/ (A peetr <
S T At
O(SL;—({/%’BA—% + {:'53/ #

| £ Yi(d@l <o h“@o‘?fl >

T. Harmark EH at =%, Laces 2013



|
Introduction to Black Holes Page 4 of 110

|

| 3
? | KQV’?’ “[’VZ‘Q"}—FI\ C - O

|

A~ G s . | L
| OQS(L = — AC  ~lasiAE < otidf

S
_r_é_':“’ﬂl ;‘y{tﬂlhm@g[h‘@’dcﬁt + %O(r“ * CAGT
i S =yt*acoste , S =70 —pvtat
T+ :%f ’%f“qa, :(7”7’_>("*’?>
|
: éH 4"{/ = ‘}’iP

|

Nodice for =0 feor = Schuw.

|

|

U Gegin Hese (ecfures D¥

tC«’/V\Q (75((\?j % C&’t‘l'oil‘\l{d /&vO)Q—OJ/{"/(<) 07\
e imetrics

T. HarmarH Laces 2013



Introduction to Black Holes Page 5 of 110

\/LOLSS am A aC\_Ja M [

!M&aﬁuw‘% sz v ags [Zo,/ /\/\de—dﬂ(‘qh

?M (OJ" S’aeze,o\?\ ( velafivisH c) ,@.a“'tfa/ :
’ 5 — 0@3, T—

f SoPx g Jebx T,

B, we ot do PN o OH 7

EQ%W BH — FUT{L) cy'wm\e%rtrc,/ Ra |,

; =7
!eﬂ, R/.q,’ijﬂ,lz = O

fI(\ \X/Q\c%/}femm, Adoes O\SC\\M 73&”[ %aw,

a VragssS &

| (j €_Orn {/j‘r/ — M\V r,v@ ( Gixv\&c (:6

oot e .
The %@%}4) //\/yf«r ce D) € S
C be defZa\m-Qo( b)/ See f’r\r? U oo
Cﬂ(é(uwu_, O}z' fH on Newdonce
 ~ H{f/
i S“nfun, ﬁr’a \/1:}'4/\"1'0#\0( ( /QQH « § < NQ,W‘&“

| Foc\'\’(' tryaSs G\/\ ) BH K‘:S e IS M

|
|
|
T. Harmar& Laces 2013



|
Introduction to Black Holes Page 6 of 110
[

| | >
‘1‘ (/of\jtdzﬂxt/ C. -{UQ_ \)\/‘EO rmlol/\ LC) ca (l::rd
| vrq Ho A L/\)OL/C b ot (\O o

|
- T
| |

T )
e ~
d;@"crvf_i’
N
| o (é\r-'jt

|
Gravida Cond Gle(d weak every uhae

Jo = e T, e [ ==

|
x :
! H;;\k WLO/"‘Y;C, ‘\/,/\/ JE#JQN = “df\—r’(‘jxlf d)/l@{‘{l
‘ = —oﬁtlerrLﬂ'«'(o{@’Lf 3.}1\9471
| US ,v hﬁ é(’h S‘ee'bh e_i_g o Cun O(M; U< __

| 7 M m:Saﬁ: T ()

 S—

ijo‘ { * Y=

" o)

ILOJ’ (arﬂ’(, 4 p &S \)u-e(( as

_ : Ste T 5
Jog = 26T “5— <0()

L ’\A/D“['b 7 = SJ:"F’ [,{TO/ —')/\’_Oxj

TR U dereved for a (oca(cred Neut.

drcFedoufriom ’
‘Maﬁ(‘?‘-@\/vq? S< ey b)/ cln C)Qt:.fﬁr’\/%/"
four- away , heuce y—>00

|

T. Harmarﬂ< Laces 2013



|
Introductiorp to Black Holes Page 7 of 110

' 3
| -
Joo = ~ L*F

|

fjama g e )Ou[/ as Mewt. wafre ddstr.
Wi N rass M Ciﬁ We. L‘G&A‘E'\éy
= 26M

In7 hes ways W oﬂe{im e g s
oF o BH —5 cxlleol He ADN necs
(Arcowitt ~ Deset — Mistuy )

VSde[(W—Cy one Can Ttko

| Ve

&aéé?i oy %@&tmg,MOW,'Q ol
a BH

| FOY’ {0’7\9— (@ﬁ— - T”"QC{“IW{Q

‘ Y5 0,

M=7¢ , 7° =e¢

|
|
I
|
T. Harmarl% Laces 2013



|

Introduction to Black Holes Page 8 of 110

|

"(\\L(H\ VA | -L\Qtolf: |
o .

’f"
T RSy

Iwwaév-# Lo- )
~=> S}/mw@Ec‘&g of me'Jr;-f‘c\r/S)/aCC»ﬁM

> E\/&A% Norine~ a(qf/'m,'%am

COWS%@V A L{ 0@(/7\ gl /H\ /'iC) (0’( %}9‘LC‘K‘L’;‘1¢\ M

§ sy LOCC’“( word’s  x** o A=01 23

\/@C{ro/‘ Z{’(\Q[“( Jo ﬂ < PCN(" QQC\ }"OL‘Y\*& F

\/?' \/k 9;—,; & (T;a (M) {”«Zrﬁ Sédfﬁ&
= a2

F(cw O‘{{' a \/ec:{, f/%(c'("

(ks |
Fow of \/m\d =M
<(0/‘ eﬁc% téfz Soc ‘E—{q"(f

o = elp)

| el 0’0(70):/9/ Tees (\O): O{-(@f(’v))'

G ety

j\:f\ LOCCZ( Coc)rvﬂ/g ) -
o ()= "le) v TV ()« 0(4)

"’/‘§ m ‘{&OW 306} @6’\ f(vVGC'h A €‘"{
of t=o

T. Harmarl% Laces 2013



|
IntroductioT to Black Holes Page 9 of 110

T. Harmar

A
Comn we deag Gigs alory fhe for ?

= Lie dmggin
ch\g(éﬁv A {c‘t F: M > fR

For eads tef we @ cbefic new Z{é%
‘?(O:e (Y)S -5 C‘el"ctjj{o( cel ouv @\\ ‘/Z/OU\/

| C‘Lwaxxg/a/ GF - Q(Orzﬁ /a[o\u \

&VFCWFQAO =( Flelr))-Hr) )

,(/OC@[ Co@l'i'([} s Di\/% - \/Mg)gzr;

1 §, =0 + No Savge o alog \V/
> Mears {q\qk z? éﬁ%vw}i*gf% 7
Q(O@%L;,fﬁaxx/ ot \/ |

We caw <lso considee Aa Arag9ing of
anethp vec . Lleld W q[dhj \)/

—= Can $o U;o_o’(Fv;Qo o%,f/uek ~ 20
,LL‘Q OQQN(V‘/'{/\/(: 9(095 L/ - \<
‘ : Vod A

b S N
(W= V" 55 - W 5 \\

= (Lv W)

Laces 2013

-~



Page 10 of 110

o

|
IntroductioT to Black Holes

nd ferw o Pxbra fermn elve o \(m/nsz(,
0( W/JC'QA e chno% &?('fec%\k
Con)/m W at % M ot at dé%[p)
Cnee Tp(w) # ‘TC.QW(VM)

Note ®hat R, I/ =[VV]=0

“”mmkeg Sovmse Snc  V Swould Ge
)'vw Véw\/a‘.’t‘ A Shaq ‘O()M\ﬂ")‘nj Ll't C([ok)j
= Zad e }09’6’@%-[}/ e supres Q[I
(n ' o
% O?‘\L e JQ?ML S\VTCl,éva( ) 'tf“?/"f()
LA IQOH‘F»CL) lof- {Zw- . mietio (o) teacof\)
| R WA B (L A A

{(g\/gp)/dv =V o3 +(7)XA 85°7+§)<:V jﬂf

A way o vnde )‘LMC[ ‘@59’ e 7 exdhra

JCQ””"\S '\'h CO”"‘}""‘flfﬁOf\ "vll'Q\, = yca(-f»- %\Qf

(s %o QLL?Z(W a (cala

¢ = g.. W

e N € /Q”\_OW

Q¢ = VIsh

Lok Sne ‘C\/ (s =« ngzbt'fw Vv e Cee

cie the chan tole L

,cRV <P = @Vj)ﬁv wrw T ¥ j’,av“lvb\a W
+ e

ey Y% AA(VQV 19

A4

usirg (Suw)” = VTS ~ wiEE
| Ohe ‘{/[H”’(f e ﬂgove fow\)[cﬁ {ofz\

T. Harmarlf( Laces 2013


troelsharmark
Typewritten Text


|
Introduction to Black Holes Page 11 of 110

- , h|
hek dlog s @vg> .0 meoun z

| | s G-

"‘7 quc % CW\Q' MQ%J\‘L<M@%M

| dc)¢> 9’7(‘)“‘3 C\tﬁ% \Ij (‘/wdma.,,‘f‘ VN o
(X]‘ifﬁgﬂy C‘t a[ohj dhe ZL(;-JW o}z,

l the vector Hold V7

= Hevce 4%l %’{’/\.c hae a —3)/"“9"«‘347;/
| a(oéﬁ \/

% ‘For Qj?\/e/\ mg/rban Goor e
‘&'\R{' L% qu3 L K((?l’/ﬁ ‘QQ,'(\O/‘ F}M
?(K\/F) L we Cean ?U,»,@{’ a vec, fielcd
Voooud et (‘L\/j),uv = O

A KVF corresparnold Teo « ﬁ)/“m*y-
O/F ‘ﬁﬂ‘@ %waép

Considlea e Schw. BH redv
dst = ~ (1= 2)het A (g™ e

We ¢ird th 1(0“0\*/53 O

|
T. Harmarl1( Laces 2013



Introductio+ to Black Holes Page 12 of 110
\

5 5
T=3%

) - S
>< d‘?/ >//>mcf 1-(.0.:«} cot-© 3}‘ ,

‘8 = UJ¢ d@" Alhq} Co‘&’@’ 5,?
T f'[lm 'ﬁm/\r!a%'c)h S/y*/”'%‘ed\w\/

XJ/X% | S/Oke/'caK S>/Mg‘éry

CKQ +C L&L 2

)CQ\'PCE' Hhat TX V% ae. KVE s
7) Check (x,v]> T, (2x]3- Y CwrJ=X

—>  Cor-ty tator \/é’la{oc)as fbk SO(Z]

| e s/ww‘h»y groep 07- gt
ZS (heck Hat Hie ae ro HAre )Mcﬂu\[\/
l/?(;aﬂ/x:»efth(M‘f ﬁUF(

Nober We Yeve mar imelly, Hwo
—-—_Lc_'ntcu(// )no/e/uvxo&«‘t" cwmuqﬁtr/j KVH/ ¢
(z“-ekl, T X >&>

meaps at kogt {vio KUF S car

1 he wan ftj‘&' ‘n  Ccoord §)/S+e¢\ o(
etric |, (e dhot \/-;,{—,1 since

(f\ de“{ﬁs{Q wie Q“O\-"Q C C)X/— r j &,

il Lo m/ywe@f e O .

T. Harmarlf Laces 2013



Introduction to Black Holes Page 13 of 110

V=3¢ ® V=(,900)
| 34 <~ v 6 @
\ ) ' — _._L.L_,MV —
,(év‘j\/V Sk = O
et — enefric

‘U(/SL:

| . (no{é/‘;ﬁ?c@k‘g

Twvo KVF >

) S,
T=o% , X~ 07

| == S‘Jﬂxula( J")szr)/ s broken

|

T. Harmarl§ Laces 2013



IntroductiorL to Black Holes

T. Harmar

Page 14 of 110

/}é‘f’ﬂ'ﬁ\c L cdationr AN - +

’gi_{, A _&fa‘zt}‘[Onor—y aS}/hﬂpJf. f(q{”
space —tlne o s flat
y F cosrdintate + o tha t fo—
Y 89 {ha C}Mw - fih QS/W/S’?LO}QJ
to Minkowckd %P<tu/~“t'm¢/
At = —dt™ + drt « v H{d6 ™+ sin~Eele?

) J o RVFE T sody thet for r0
e }\&ve ng%" y w%wﬁ, 'ﬁj‘ L< ’H&,
(j@het-w@d/‘ o{— Tt — Sranslation b
M in k. W el

e

U(/{ Coun ‘FbmcL CC/OV("K r |
(% v, ‘6,@) {or @e g Sta ftor%)// as)h/é. 7Uck

Sphce - tin . Socs that

‘ &
— T: 2—‘:&’ }
owbtsie a  possible €FH.

A} ;S'réﬂ'fdhar'y AT €f<CL«f;J!’buL (S
<tat [TQ ‘e E/Oc-(cgztf% (<
(n Ve iomT  uncles = — 4
(%:m —teverca ( >

M< g {%a‘\j %‘{?\/:3175& 5'64? = O
Schwerzso il retrc — Stafic

=

Fevre wetric — é_d;Ce"!m

Laces 2013



Introduction to Black Holes E@%e 110

"y % N = (7‘
Sice vemouk | A

Al S’h%f@lﬂb%f&/ (mc ‘ S?LML/C) black }\O/

Pecce “tlores Nave  a /pouf%/ Jcl epe
K\/F wﬁ&) L) H)Ll a4 {Jf*u)

Y eveel om0l

So, thore coaclr a uvector 711‘6 [ %
RS U-C(L, %jmjc |

~ Lo a Vil (&kQ‘M‘, = O
— c"ﬂlkﬁkm}‘eﬁr

JI

‘ﬁfs Con ailSQ e buwmed oz@uy\cf o'h Q9
Sodh < W/%j KVE ofires a
So-called Kl ney Novleop  @eol opa col
Show e <\>> chtm borvsop

, )
Scﬁwwaﬁ%gcx /;/( | K = *5-3?
) )
K«Dr}/ : lC joir’ + _JU §T
(/8 o v t.’/
o
(= o /A
_ v T
s
T. Harmark | ~ Laces 2013;?




Introductioq to Black Holes Page 16 of 110

UV\\‘OLU S O{Z E\L—’”_' |
~ A€ s

S\ 'Wa,v%jc\\;@’( £ Qe tredpicc
L\) S’(fﬂ—l’l.dncdf)// QS/W)@# %[4+ 5’/”@--%1'%3
| t'C) Jewn EH
L‘L’x) outsids Heo TH R}//v =0
— %Q,/ tLg_/ Ve C U Elh_g'}"‘Q,Lﬂ (E,?f

BUJC c< e Oek:w Meg{-w cs wecth

Soa:q/ fﬁiﬁ:ﬁ&; L')\-kc) *(,LL) 7
—+ (. e . o “E)/)aa C)ﬂ JZHj ?

|

Answer = No ! |

| L) “ LL‘) “VLL'{,> =) gCLWOV-%SC.?\\H <
Or- K’QQ’T‘ Z/L\"e"}".}”(hc

H:O\/?"ﬂv[ tTedl f}>/ ‘U—L, nLguweSS “H’?Qo e
‘ Cfok H (c

Cose ¢ (Tracls fheorun + Hawbiny)

F ASSUVVQQ, L) \’LQ +CL'(_> + = ‘(':’C

’:> Me,*fz\c O?Q SFQC’—Q’\}M LS
Sehwares cheled rae s o

T FO/’}' u)(aé’ —at e dat Spcee - ~{ine
.?(-S Sp}\ewca[()/ Sy et ¥ic

T. Harmarl1( Laces 2013


troelsharmark
Typewritten Text

troelsharmark
Typewritten Text


Introductiorr to Black Holes Page 17 of 110

! 2
Thus Dtaye S”;‘Q‘H(, BH =) S‘/)%ef{ca.(/)/ &/m
;CO{M FM Lo vatte «d;ﬁgguﬂob;

3 Crx{ﬁlm‘%f(»/ wqm)/ SVL'”WI‘I'C 4’1//4‘61:&, W’/
W O(ij‘?‘"r)%d%tc)wj‘/ Can tplee a[?
pasible wultipole mamats

.FOT/ W SV}’“IL(\C B{'//S we. Oh[y rrec A
‘éo £0 o/ '@—L, e 8 S M (stuhf:) R/\_‘, :O)

jCQ)ﬁ _ﬂ:. (Hawh‘jﬁ/ Co‘rr'fe,k/ /eob/'n‘ro(/./ B )

Assurre L)*it') +L“L‘C> + et Static

D Medr of space ha s Ko —piet/ic

| In rc:va o , Wwe Jxe;ﬁ thet the
T can axial KVFE X - 575 oL
e S/Qcﬁ-t€W

Thus, th this case  a uniﬁw. (e
Space =% e for ﬁ{v& M S

C’)el/w‘{'—ﬁ‘ (¢ %o\/{//}()r\ +o C\\O«Eyeo( B{//iy
,_.—%‘ WP .\ /l k 7 [ e
S7e Cl fy L n Al Flon pegn + e leetr o

- howge s

|
T. HarmarH( Laces 2013



IntroductiorL to Black Holes Page 18 of 110

ClascicaC RE z

: ’ /\/oHﬁ\]/jy (< 4. F0 Lg/%) XS o S
From  bebned  Hhe EH
=3 The DBH con 077[)/ abso:arb/hojc %l‘{‘

|
J
AL eguilibeivm, BH (s an chota chr/zed
b)/ \%@h/ TCQW F[Mb%ﬂe—uj: M/ j/ C\’)e/ai”‘1

!’:> Wﬁ’— LOOS@. Qh%ﬁf/»«ﬂffbh tn€o %H_;L

BH
V) st — B

Ld) RH + astroavt — TH

|

|

9 In peeticoler e’/‘%m/’/ outsicdy
2t BH Cor decrexse jé/ }\a\/[y
{9"& _/BTLI q&jo[opb ?%ﬂ‘éégf/

‘POB(:&?LQ/ Ve;o(u{'d/\ s I M; U %’F-va/p}/
lB,Uf how s 4:915; on AccO~kep Ce WL‘H’\
beéry Near g Xer (el q>)/ §£€w /ﬂéu/%{e“'twﬁ.i

T. Harmarlf Laces 2013



Introduction to Black Holes Page 19 of 110

‘.\Uﬁ now turm fo Focthier
Wvodv-ee,h‘eg 0{[\ I$H L

iIOC[UdJ ) eX (O\N(y\n eormqjcfy
rlecy ﬂ:g (ﬁo)ifﬂcb@% ggl‘ o [t/

| | ‘ |
AL L W)[C },Q 7[0/ classi ca (. Eﬁ”j
bot He foadinge will be «

| pre c;ui,io)j v =T UﬂCQsmmchmC/(ﬂf

o> Cepetatm jO entu g Joro Fre
o Bt ¢ an

T. HarmarPf Laces 2013



Introductior{ to Black Holes Page 20 of 110

,h\"-d‘/
Rma’(w/ smt sorface chﬁy '

?(:Or\gn/ﬁb/ CNW . etr{c

| . . d)-‘h
dst= ~(1~1r°«)ft& SO J«r“( )
| =
,HOW O(c")éj 4&')/‘5 44’)4’[(/;0/ <0<>K C(osk ‘Q‘o
EH abvr=rs

- _ X
- \Wride = 1, ( |+ e

We Cohsboabw (V- KL< Yy
— cloge o &H

k—« I—Q/ =1 ( — (KL sl _2<_i—_,
= \+q;1 Hr ™
_ = X T
At = (@ Uxds =
\ ( Lh_o = > L”’o%‘
o R “Q?? Al ™ + o™ «x* d@%ﬁﬁ&@?
o]

\’—W——’/’J — —_
{ . \ ‘% - r
R ipdle— Sfc( ce iy Q@i{{'aj)vr(_zii{'
(Us

T. Harmarbf Laces 2013



|
Introduction to Black Holes Page 21 of 110

2

VCOHSL“CZQA/ o stafic }0@(/3"/2[{
!'—’ l?/(,(\?{\ at COASﬂLAif e (e o?L )<>C)
| ol P SH

|
| : =
Thus u’M:(u“’/ 0,0/O),\x. v Y or

Utm ol B g Ul Ut 2
? m acce(va‘fﬁbm \)\ﬂ"jcj é&/ﬂty@/ 7L’h/"-°\

Us M A3 wo\a,—‘
M - v,
o = Dyut = AT % g‘/h

= 2P, v = ot pu”

l j ©
_ = Ut-(o)tu’* + 7 u“)
| z
| — Jc) *
Vo) 0
A T ~ 1 7
[ 19 (2oge—doge ) =29 50
¥ X - | o W
[ =9 P%&/ - 31(9&3% ZC/«(W;) = Y™
+ = X = _?i_'lﬁ— =X :,_’_,
% SC)/ L O/ A ( K) C(?'O,L K
‘Pw&fda OLCQ{\*&%T’W{”}@ (p Arectiop Gy
‘?FOW’\ _EH g)(“\’{ynaL

P F"=ma™ - vPor&e ovtwavrol ¢ to

‘@66/0 /ﬂﬁ-ﬁ’/‘/\c)e sfati'c hear “ho EfH
|

T. Harmarl1< Laces 2013



Introductiorﬂ to Black Holes Page 22 of 110

| 3
For x =20 (‘@q{ QH)#'@LL «cc, B

fﬂx > > 3 (L (s 9704—4@:/ arcl bcohﬂ//e,{——

éo )ﬁee/y /’&fu«%/c[z, S‘fﬁ""?fc Fue = ﬁ-g gf/

jCOhJ:C&/ ostford o acc. o the
)/WT}'IC_L& acs  Seey9 9:>/ e o%,se/uv
v 95 /a“opw/ i "b'_ )4’19— Wl// OZ)Sc’ftf(

|
‘ - g A = — Since a(ﬁplz S
J

| O\.U:) 0’(’6’ 27_,6 Y}’a L$
| o _ -
| SO/ 0\%) <o/ Zrsy >

254 q—> L\~ U (‘(e\—a ‘f’foﬂ

|
|
127 T Dserves Sees  &n wwﬂr‘lb(&,
‘ a
27

L Go back 7&;[/ Schw  wredvi'c

Obsever &4 QS)/M/O{“. ?««:ei;'o/\ ~ =00
hos prope tine |
=) ADSoves A 5%4%/c kwv‘/ck

e a— %or-r"‘-);oh %avaj
ACCQ(‘Q(\&U/—)Q—)b :Z,J;o_

ACCQL é’> FOf‘C/Q e%'jrolvp(ﬁ-l?(
By egjzuz,\v‘a(p-@_/ W\qct‘/ﬂ,&.

|
|&MW£%,MWQ/@.
J

T. Harmarlj( Laces 2013




Introduction to Black Holes Page 23 of 110

| 9
We ca~ {LnE O¢ Tt 1BH Feor

\y-;cea/— | o EH 7 makz}/y a -
/\j)/J{\/l(:{VﬁVLI‘C\),)QL }90Z/ C){— ,‘//'véj/\/“ji(_,’cy@ zr

T (e calleod o {/Surfacce =S e AZh 7
of the B 7
(

' = < Fo— SH
K = 5= w. BH

o

T. Harmarlg Laces 2013



Introduction to Black Holes

Page 24 of 110
R 5
- (l,/’\/(‘i WO"(:A/?QJ/ (.Oﬁz& 43'(' \(’ZLLW ZD

R poldse Space —tihe

A= — %A+ ofx™
Df’ﬂ?(:m‘ metw Ccordiretes :
| :xﬁh%(k+> { X:-xcwh(kJV)
T Thee dst= — AT 1+ (X
=2 2b  [Minkowskl Spa G (
| < Celevetion
Tok Ry +Hlon < T, /awhon‘%or\
Rorel ler SpPaCe ~ e (s ,<//j7 iy S/
_‘SfC{CO {)VA/L a qfowu l>/ Ogﬁ V. 7”@(7'——':{3/ ’/// / /
acce. %4#@ A e Sees . : 5 . L / /% 2
“C\ V):}%y CL{/ accele-fe '%O\ilfv?df WOS/{-WQ \ ( \ \
X{, ad oo A vect at T=0 g /{\ \ \
|  fGr N
sttt son | iy NN
)ﬁ mrfé:/f’ acceleation —289 dservers
Towards X0 acC.= v (jorojer Fine)
= A’Oc,e/(ﬂ*m“z\f()m havizon |
Evut Noregr & Acceloation Norlzon
T. Harmark

Laces 2013




Introductionr to Black Holes Page 25 of 110

t 9

Wik about for Kerr Gt

.

\\\/g Qy\fh‘()&uce CofMovtij CQDPng'now_eej
T ” — __Q/,t ﬂﬁ _,__i_,.
t=< , ¢ CP — - N

A ~a SinE ,
ASL _ - —— Oﬁ'ﬁ )
Z
< rt_ka\v — Z\ A ~ s
— o & ¢
\ Zasin's — 25 af (ad « et )
| T ab L’~45 Lo =05 ; - .
+;(\h‘1/6*'&\'1' ) iag (dq”‘_jz-o(%')
: rt+a*> —o v at] —2usiae

8%_\/ = - o(_gtr\lé E STy &i( ) Z

¢ . sfh'“éfK . )1
| L _’\q‘ "/_t'q‘f—c‘ . }"\t ‘QC\,“

ﬂ%@( o, T T RSO R8O s

shHous mgulw Ve/‘ou‘k/\/ of—

T L

B X —aSsinto——— PRRTS . 4
e h’l'ﬁ’al)L __T? Q'thn"e’ _{\"L

= Y S—
v t 42 X.
| .= Te @t O

We corsidlor & = const (we Yook ot & nea & frzed
@ \/Q[fd¢>
Laces 2013

T. Harmark



|
Introduction to Black Holes Page 26 of 110

;d\/t " Ay
| =S (ﬁ(-rv)(r‘yﬁ‘) T
= if (11{*‘,1_ | ’ ‘ \-’,(\/‘;—\1) ’ » ) — T
B \Yr_k’)\’f (7' —=F K/L ( C/ Z‘( T¢ Z)ZO()L O(X
e = — —_ T 4 ’—‘IQ. ’kf’o\'L S
P
D (= paaee )
| o= ) I
| A P PR P
-+ -5* O —'_JZ,(YT-. *-0\>~J\'7,T’\_ (\"‘T/\,3>SW\ &
| - - ‘—/'(“ —-J _ | R Q . at Sl"t& T
| Z‘I’ ‘r* Cfg‘r,r-{: & ( ' TY’\ &-G"L )
SOV B (= S g
— 1 -’Z*l 6?1*‘&)1 %4(
ISRV B LS
|

~

= SUT’FQC/Q jré\\/‘r{')/ €5

T'.‘- =1
2(r =+ o&)

=

|
|
|
|
T. Harmark‘ Laces 2013



|

Introduction to Black Holes Page 27 of 110

/Av’e_a O‘;Q e vt %or(\—’(—ohf i

|
IM/J/Q‘- Quantities for [SHs Founo!
by am & (o\ﬁ/ to ANewt, matfer

‘gurﬁ‘ CEé. ﬂ?"‘v, ~ . g ecc‘.ci( r’oﬁo«r*é}tj On()/
foc BH s Wm% |

WL £ Nouw CO{h,S')Gan/ cﬂmo‘ﬁ(«-‘a/ J/Q ng(
}?Po'ﬂﬂv(:/y ogﬁ Bt <«

B KL COSC s sl Pz
e U\uth foored Hat close %o 4o
horzon at & r=r, , the medvic

¥y Cqﬂ/ﬁ-oz(vw adre L)/

a L T { 7
e T +dl <8 dntodg”)
ICinden o= pue

_Thu;/ at X=0 (a(- QH) arc{  tT=const

we ‘Fl;“a( O{S’L = ‘)’o’z’ (d@'zﬁ—-jl‘m”&e) O‘(?Q )

¥ > NG W slhice @ﬁ e Space —{re
(s a  Sphore Of vadis vy

We can %& Cc‘)%/vu‘be. G cuea of
{5 QM

7L = L{Tl"r“ol = (6w GM*

T. Harmark

Laces 2013



|
Introductiowv to Black Holes Page 28 of 110

| Z
MY Q)U/Wﬂ‘/‘b/ (s Khouk as
e CHA—E. A O/(k 'Hr\'; EH

Uhet  ododk the e —medrlce [

Take corovin coorol s

t=t, ¢7=4- 0t

Loc,a((y mea~ e LH /Yfm—f—m@f"w‘c_
be corre s

T aa g™~ - s T
A5 77 WA 1ot + g dF e Gog 0O
Rin~d (er

For x =0 and t=const,

B AR AN e
| TThus we can fre. ke ares o {hu EH

A N

- e

\70( -gode A dgb Jﬁ@@ﬁfﬁ 2*’(:0,'&‘2:/»9{.
= 5<5 oG : oecp U%Cj‘?((a

'S(h/\(‘,ﬁ 37?% :\9?? . We CO/"AFU%Q

\A - L’/Wr’o)/+

'_gvl‘nc_uz, \/%g%ﬂ'%p?)

T. Harmar Laces 2013

Yoy aensh,

r=ry /'b'—oo/»si‘.

- n A . _ -
\':Q ("_‘— ta >SU\6 ror_‘_ ;?{h§



IntroductiorL to Black Holes Page 29 of 110

|

3

T‘,_,_L c<ea OCM QIL Csr an L;"*t/%’(‘oﬂ{"

Q}Ua»n %t@)/ fojf Severae ( rRasGh L, 925 K

ﬁvé (( Se€

Ha\x/ ) nc75 AN ‘&QOFW
(et )

m Ch €A OF"H"‘Q €H O‘]Z&w\ a;km +

(Lt s;%ce*%mw/ (r & hof\—a&cr@qs.mﬂ

Luncfion o jﬁ {

J(—C‘\"ﬂau/t l'- Sbou‘ﬁ( 9>€ UhdﬂﬁS“(OoO@ QXS <«

| statecet Zdouk d/mm»‘cs e

classieal GR = ot wrclidiy g v entom,
e ffects

Reyrow t 20 Tl EH can be J&Cohhtc‘ﬁcdj

| E'xcfmp (. 1

T. Harmark

|

QonAf?m oue & OF fuuo Sc)\wwsck:ld

BH} l,ku{'} O
K= 60 6T A = 16w G MM

/

%&7 CO!"SM/QM }7}’0 cesses

yo-o - ()
) () - O+ O

Laces 2013



Introductio

n to Black Holes Page 30 of 110

L?/

Moss conservation =M M,

I /mroc,eu l>
\]%Suéar—e - \f\’b =~ \]a‘qifﬁo* - \]ﬂyl

Iﬂvuf,. ~E\)\/o BH/J Weg)%ﬂ fn"{To @lat-2

L°5“ o L\T’T’*QV‘CI"S/\blef /OHOCES_Ql

S.\néé | Cc(ﬂfchq((y ) BHS5 cew onm K7
cosorol  one 99\’(’ think ot e
V1 G5 Oﬁ =1 EH a(Go Muer decre=ge

tHowe ver—, ¢ (ntoltlon (s U(/I"Ohy,

—ﬁW;S C} S%)OWY" by “Hq, So - ca ([ea(
QQ%VOJQ E\"ocefj ;AQ)(“ ‘H‘\_p, Cevr Eﬁ

i

T. Harmark Laces 2013



- Introduction to Black Holes Page 31 of 110

5

Kerm BH has the %qobreji?&m” neo~ fhe Ef

B ergogff)m

1

Oe > O (o ergoregion [ jme-bromslatlon KV
J / ) R . ,
T=J¢ s space— ke

P%m.'d&@/ process
A= g+ C
decay of A 1p etgore op
/ ’ N N

ay
@‘-\ﬂ‘ﬁ/\/ CO!\S@‘U‘:OL)@/« R Ealle 4. 204
— - = LU= E B i ¢ B B
EA\, = é'R t é(/ C: Q’SCQIWQS PH
_ [Torendym CO/\&‘@‘UCWOh |
SV
Pa )i Pv) (Pc

In LGCa( #(ow;u/ a‘F Oﬂ-eca/v ot

We have ET’“’PT (T°»</\

Outsl e eyanoreqaow (aaaé ZDH\ p7*< O, ‘TZCC)
TE[S tM}Ohef oI <0 H@V\C;Q_/ g>© |

T. Harmark Laces 2013




Introduction to Black Holes Page 32 of 110

L . €

ST et

A oy pocnk s TE>0 ¥R pt < O
) Fasssﬂy(b o bave € =—-p T <O

A&fcx//hg/ é_g - = Py T = 0o

This gles € = E,=C) > £,

= We hawve eudiacted eaerg y Lrom e T

i i .
How exve i oONe ok C)\au/ "(}aa(? r)rr)oes,@ef
Wl\‘H\ mo\&mw(( Mx/q/u ?’CCLMC(L')/){/\ G 4@—\@;

o~ M é/}/ Wh.(cgﬁ A = O cudl

foor oy process Sk 2O

Note ©  ¢"<0 H' <O D 4.b<o
Proo = Assuea- C0-D2

‘@\ooj,z, (ocq( La/@\'{'% ZQ%WL/ G)m (fo) - ,214

a'z._c vao *—\ <O ‘-/7 QO’L > 0?\1
bt <O D G’L§> b | |

o

ah Z O 2D gk > a4y D ("‘5)2(;;\}:>&—1)>

Bot this confradicts (a-5] £ |a/g]

T. Harmark Laces 201 : 7




Introduction to Black Holes Page 33 of 110
|

GH mechancs: fFor B i

—(;V:O Ou+9d,_t7

We (ntredocecd/ o C_}Z\.)ov\ tiies
M, j " In Chez(%jy VAN om&hc}»)‘ ?’Za"/ﬁu
‘_ﬂ,/ X, \ﬂ - FOOr?oQ \3)/ %Mét\)/j‘iny N H
\'eﬁ(Oh

We  considore A CLw]je o/é \7AY Lo )/Sf)/r;qp(
yrocesses, We bow <onscicler o ((

He Q(,Uam'f";%/‘eﬁ
2 (aws of- BH mechew ccc -

Oth (aw ° SUT’?“\C,Q/ v vt = L‘_f
consfon ‘%36n Z— Ct/

st lew = TE we )NVYW% e G soc)
‘H\rat CWM L{'%OLS sett(«A Fonn ’) tere \ s

G Swema (i C.]\';«.-,g/q/ ;n f}\,& ?f iUCV\“‘/"TL/.QI
_W/lj/ ‘),—Z/,K/ \7%4 M wisjf (“"" %0’5{)

S N
20 law : (Hawkngs e theote )

The cwea A of the EH B does

ot Qecyease «s a fonctop of i,

T. Harmark Laces 2013



Introduction to Black Holes Page 34 of 110
2

M S’WO\\ tg‘»cc{‘ 'H’“»L Ke-}“ly
It obr?c\ e Gt (aw

Ot sy T&u (Oc/k) ( /QQ \QL’A\—
< ch\,> cff/ %Qqq r7o C/(;/ )u”"JCj
<~ = termperadure

\/A &3 —epn %V‘C)'x)y

J

e (
T}le < L\J%Ct we J&G(( f}) o= NO WV

T. Harmark Laces 2013



Introduction to Black Holes Page 35 of 110
HQW{CW\QL T’aa(ca%/ohf f
- -

\ /
SO SC;’\"/’ s e O(G(Q CQAS'7&0/Q(;( c’(ég;,cc&
)_/%YSICS - 6 | .

NOU/ W CO?"S(\O@LV {{FU«C%J’U”“ {@(C{f %Of .@N-/C

6@\/\ A C (“Q.SS ON f;of &‘F Tg .

The powﬂﬂah Ay ffrr a QFT at
él‘n/(%—e @@F%ﬁpﬂ‘f—u»ﬁ, T Ceen LQ, CCX"H//()?LGd
oS Me\.u/;l*fg'l:t% L'/'\"}Tg_cjja L O F tLt

Ui & =gt atect QYT

Whck rodation @ £= {1

5 —(-%L €UCL€O€3M '{,’("”LL. g %C‘) }/”QJ“VOCJ

— T ) .
§ 2(p) = §¢ og &

Get)=4(n)

We can USe U/ur A o 6”45)/ u/cy

to st Sce Qal BHS have « ﬁew/serafwc,

C}O/\E(ﬂdz)&- SC\W’U’ES(})!(?‘ " . A . | \
ds™ = - (1= ) o+ Ao

7

Vo Wick rodation

T ) = T Q—Q:t C
Obg - (t—— f\;‘)d,]‘ +{—EJ hﬂ( )
¥

T. Harmark Laces 2013



Introduction to Black Holes Page 36 of 110

2

(/ﬁ‘t(} ((0 m Sa2<. {O’" ‘&AF\Q e "%rb:::oﬂ
rred i

dst= — 5ok et (dE e siare dg?)

"——‘U‘-—\’——/
R i~ e

A fte- Wick ot

e =gt s 2 A FE e+ )

e

&Ny (ooks (nk—& Jc{i\a,f S Q. Bi 11 e
COO(*Q(:\/\L ‘&f) - ,S(/\ju/q), )/

How<ever one 3@‘6 A conica (| deagptletts
\‘F 5 does not have Y+ vg )\‘6 ‘/lf‘"oc,&

k\/f"l\'ﬁ& oy = K‘T/ ‘H’uz,h 6\4, rél(v&«df
ym‘vﬁ Oﬁ /(56\ (s <A™ xdx™

N comea ( S‘fju/aﬂ%/ S or J)ehbc;e (e

= T 2T
H%U’-/ (we JSee ‘HaJC J 97&) }Q@mad j{’

ﬂu‘g cp o Wick rodated &FT LNAY%F/@T@LO“
r~{§(roh — g - _— _L -~ AL
(5 == 2 wTpa Tz
2 Hehce we Cn CGTUP@i {%’\5 ws the
IZH ‘havimj t@mrﬁwxeu"’ﬁ
e ~

l H 2T
T. Harmark Laces 2013



Introduction to Black Holes Page 37 of 110

3
THs s callecl the Ha,u/?;fv tew o,
O‘F = Bﬁ
Dote : Scune Ler vetion f[c;r* T
cince wWe alse fla] Riad (e
Ast= - kIXTAL™ «cle™
neos the € Alse gives T E

Uﬁl\,a C(/\,q( 5;5 0%\ WET Ne C urveef
""J/‘%:gj‘%f%/ H%wkﬁrj; foupcd that
(L& JCU’VL(/O /7;—_, Coff'eﬁi‘\’°0;ﬂcl{f 'JCo’ e
%(ﬂcﬁboo{/ Y'cwe/a{’wh o Yoot

Tt g erli e frow e [BH

Quartum viedh. « BH (5 hot ex~dti're (/%/Ccck
= (Lt em ks rad a4 on (Hawk\ﬁg }'acél)

f"\}o+€_ ‘%WO\JV ‘H’u_/ J?’Vc*e ub@_C/{ W}WﬁLuﬁ/
066)4% dS Cpr e OS_/X‘(‘“VQ'\*—
= 'what B projpor e Us do— tee cheerve

WQ QLSS uﬂlzeOQ )/roa:zer gﬂﬂw\"& / O9>_§’Q.—-\/Qf at =20

g&«/ a\,{/a‘f)z 74»094,\ BH

. " j <
= BH ‘te%)fac/C’ﬂLUM— 9"t€¢t50"ec[ ; —Fe —?.‘l'}-:
Y
"1 Tolrme (aw
T. Harmag(&‘ l eck The 2! Laces 2013


troelsharmark
Typewritten Text

troelsharmark
Typewritten Text


Introduction to Black Holes Page 38 of 110

'Lf
NO%W.C e Hae Teuyp. P &g \we
a);fmmk e BH
)\‘ear« ‘Ao ‘G/H LN K\n&{(e,w coordd < T
s—= — st okt e des e )
Terp o€ xceomt Ty mr = = o

. _ , , B L
Cumﬂpure widh (ocel accelera Fos ' o= 7
\;\/d SRE ‘Hﬂa“é o
T oot —= 2%

et
= Ths (s alled o e Uhruh Terp.
A -ﬂ%é’ﬁ({t e lation b@‘%\/\/ve@z—, Co c(;[/)/
accelerated Coertia( f

f rame s aped
W, Team f?-(,'- Q+ =€ (/’/(’ “%"’LQ /'3€ —C€ VGC‘//
Norl >0

T. Harmark Laces 2013



Introduction to Black Holes Page 39 of 110

| =
Pu;‘}‘u[ ‘Q& : &Be[\\e(,, J*{dh & Ha}wtva )
BH kg f/?mve Cliy u@wﬁv/o)/
— ,
= A
5&* S He

\/\/ﬁ’) Since hen e 3 lavws OP
g\/( WKL%Gchs = 5 (ﬁ\uy (_‘)/A {4/7@%@0\//;7;@,'(;-

O{\\ L”IW-' HGWC(Q ‘Ecmp. /f; s Com"{mn*‘

on oo €M
{5+ Lav:
& M= T, 55, + 5]
RV (_o\\,(./ :

‘ 4
S e Ve ch?Cr'eQSe; a S 74:‘% o%
Jg\m/u, (classd cal 6’4)

2nA aw S = ﬁ .
(s (aw = b),récf«jz\"—‘)—ﬁé—tg:@d‘g

T. Harmark Laces 2013



Introduction to Black Holes Page 40 of 110

T. Harmark

2
&ke«‘/\ S“&—C;h FUT-’{'*’LQ_A/* LAW{'TO 6£UC€O( *Q—J"UL_

ﬂ € €1 (( € A en ‘f—"c-j))/ (u}nf A\ never decreaSes ) \

Sgem - Sur—w‘wcue " SBH
F o~ a Uanacse with a D H n whoee
SUnf verge éJ' A*@Vf l—/\/ ‘J\n/‘) ou’f‘uﬂro€9~ s Q?L’/

Z*'H"rcf»y o{‘

=) KQSO(VQS -Q’\—L Mqlkjinj Q/x)f(‘rof)/ ,}J/‘c;b{@ﬁn
{Lﬁ'\‘( SU(A;‘\/Qf'_fe Can CQQCI_‘QQ g W

'{%'VV&S AR @bfcfw Lk? 'ELU- B_) ¢

af
= S)]?t_( Hovll Hor e *@mog&t Of tha_

@"{Y;Or’/ OFQVU/‘H)Iﬁ \,uﬂ):c& e S 77(0/((9,‘,
b@\ﬁ \\f\A Q"Q' L‘Hﬁfﬂ‘%q/\

Frob e TZQF thos Cf\'(’w/Ore ta€ion ¢ ‘
gBH il \ﬁ/ F\()v’hn:a(/‘y Q/(/‘\(f—\I‘O/;?’)/ wou (.9(
go Gke tHw volume

W j«’_% Sack o Qﬁw —én S h, Ottt ...

Hﬁw-ti}ﬂj ea ({‘\Zz:-eco\ %O’H’w }Qrobﬁg% \/Vévfjv
2% SBH o oA Sij%

Laces 2013


troelsharmark
Typewritten Text

troelsharmark
Typewritten Text


Introduction to Black Holes Page 41 of 110

' ' ]
_H(«' U/ )C\ r\JqS _—[X\f/o A ‘&/0_/\ ﬁ cvac@ OX_ ﬂ
STAK \
Y \ )/~
- N\ ;\sunff( ya ' 7
. ) —2 NV S —> —
( bt ' % / \ R o-
N - A\ ( : Hq\:,,li\ ,;-,
VU Fetr a5 radiatden
oSP e SN er‘theot Lreinn
(ES

Consido~ a sdnw ~ soperova = BH

e For o stee e nove in primelyle
{)ﬂ_reu_a, Chf\or%q#t‘ozﬂ cdbout «a” ko—r%z'c/ej
v Star  avad(able

2 Wy (6§ decme a BH/ SO O[L Ghis
dm_?fo Cnot L,Q,\ﬂaﬁ;evcd Clnce. O
LiAdor Sehiol the EH

Howerer Hawkim recliation tecr o et
€ho )EH by QW/WM% &

Efr ¢ ?&/‘ v§ qu L tadeadr N |

- No €H Q%tﬁ/ﬁ C'V‘qf’df‘fOLJO/ﬁyf@

HO‘\)\J"CV@' "@’W\ um‘/*% ‘Ek’?aﬁ WA %’0{/{% ;&QLI.’\O(
o EH seems (o5t becauwse Llack ﬂyod/
rectiation € comnfaime altmost o in %70 |

Whhese diA e info‘ als Ut %L\LS*GW
e .= Y == Ido e Ao

T. Harmark Laces 2013



Introduction to Black Holes Page 42 of 110

Z
ProXles tn Umfytij QM with CR

j;{(\ &\\/] r V_A __S’f’//ﬂL\e” (Cr/"é> Oif—/\ o] C/O;-ec/
§/J“E~€A/m af tine t con be iuo.(wc(
to anothue ﬁm 'ﬁ/ u_q[nj e U’W%‘a;{r)/
O/,,gyaf oY U ( —%/ +7 ) :

o 6> = Q@) [, >
(‘x/@(aﬂum o How. H '_ZF(%;: U = HU )

__St.i’\(;a/ U+U’I »U(Jr/"ﬁ‘) L\j e‘mvfe,r’h‘b@‘ -
> We cao evdve Gom £ ®ack to B
T this fenge QM i {fofly At (n) 7/ e

= Seew s m&(’ F@;;/HL ‘o do Uiy afFCer

e e o ootk

W More /J‘€ C(:({Cy 7dr ‘_g“'f‘cw 2 PL)[“‘f g'}?: ‘{'CL :
Hawku\@ adla ‘b\‘cyh P %Qﬁn.a C -S’}“ffd\é
Thos we o fem o purc stide (bn c)

to o mixepd stete  (Hawk rad, + rewnets slwsy

P overitly the G y
7 + 7 \7 ) f
_ Not possible o QMo

T. Harmark Laces 2013



Introduction to Black Holes Page 43 of 110

T. Harmark

3
Two ,/DSBI\)D{ litles -

D Ibfpo L@Sﬁ QM wrong

» Gad  pevrs s;pcp_/ [(2 Ql}‘/l Cs \‘;\/fonﬂ
we lack fonoea?”/‘lamfféL )/,r‘(nup/ej
o joutd&z, IS  » C{."—D(‘hc/,y q
theory of GVt T U Egmvc'%)/

T And (£ C:Gn%(-i(_‘\‘j W(.‘QS a (] Q},Vij
B oot (b Lrration s nof greseved

2) Trfo rct las€, QA s viht
We should vesolle porndo? Gy
@nﬂ(wa% whoe e ¢n;fo e
— Mosi (Jﬁet)/ rieane W€ Heawking
ma(fp\%;‘oh is Onp [), aﬁ/’}prw\/m(/«’ﬁc va ,
{he rena (

Laces 2013



Introduction to Black Holes -~~~ "' Paged4of 110




o
| -
(D)
5
e
—=
w
¢
I
0]
(V)]
ol
Q
Q
(6]

T. Harmark- . - Laces 2013



3
S

0 gt

14
=

oAty

Page 46 0f110

g

>

~

L

_g’

o<t

!.J

=
o

; @

5

i
o AT S

=

3

Opm

<
e

/
\J

7

e

Yo

€S

1

cd

N7

2

':\,- T

G

NG

Black F ofle"

R

to
&)

¥
| =

A

ion

)

: Irﬂroduc1

“Laces 2013

[

T. Harmark -



n’rr dJétiO'nf ac 1 Holesl"i S | L Co ii,P,a_g'eA'Z'f'of 110

oo e -

(V)

e ,J\.‘.
B0

{

ZV

b

AN

oo

%)

N

Q

>

/7

7 S S

'.‘ 5 .
o
QN

0

e
N
i

VI

&
W

7 |
X

3

>

7

{

T MedC = SaAhwar:

A
{
£
p"
(s.'

: ) S
“\ '\,3,
i

T.Harmark



1@,.‘

~f 1
JI‘

!P

Dana. 4
ayc: o

v

i1
]
&

ydri /lﬂ

s

.

X

.

i

- Na

)

it

P

7

"~

S

‘(L'/‘(Qi/ /’10’(’_

o

e

<

'r

=

-

:

1L

L

OC , c:g

nl
9)

1

K

o Rlae
0:DIdC

o

ion

OnS {:

v

introyd:urét

-

Laces 2013

-

T Harmark

N

P

s



Introduction to Blac Hoeq S ~ Page 49 of 1 10

vag “Of""@ prormet) |

7

g

i )
A
R

id

P—y

S
¥

T
<
A

R
8
7
¢
J
o

T.Harmark;



.

o '}

_Page 50 of 110,

—

-
'k

J

aple Hal
AU T U

:

o.B

rtio
LIV

4

J "

"Of

f
1L

‘Laces 2013

=

'T.Harmark

L



-

.

Lo

Bh

Cr—r

S5

5‘

bl |

=

o

~
LN

V)~ da

=K

o,
N
: ’-'/_,

a

-
s

G

-y
&
&

!

Ly

&

.

les.

b

2

: 7\)
L/

Ty

H0

ck:

g%

LC

3

g

o Bla

:

¢

Bl

—

/

(

1on

c

2

Introdt

.

. Laces 2013"

k

T. Harmar



52 b'F ‘1 1

n

ntro du c

Page
P

J

/

S
-

Black Holé

to

<

e

i

/)

 &1

T.Harmark

-

~ Laces 2013

.



7

Pa

(

|

24

C

o

0.

7]

P

v

‘ 47

—

™.
.

k

S

k Hole:

Cc

e

to. 'Blai

on

ct

7

I

0

t

In

"

“Laces 2013

‘

T

“T.Harmark



f

@)
U

11 0

4

e5

a0
d

g

7.

+ b

.—l—'

u\/

[

o

L
g :

ole

Xl
1o

A

lack H
vl

.Y

o

auvl

Nn.t

S
<

Jr1ig

Introducti

R

TLaces 2013



e 55 of 110,

aad
a\

P

‘

(

_7’

o

g

&k

WA

(

-

C

2 Y

b

et

-

)
oln

et

J¢

s

!
\.

v

z

S

Rt

2o

Y

, '~“;@M;,/:

1

<

kH‘oIe |

&)
o4

\ g "

Tz

)

:to Bla

i B

S

lon

-

Introduct

S

Laces 2013 .

,.T_j_Harm;ar:k", |



Introduction to Black Holes

i)
0
T
Cr

Newto 1=

. Laces 2013

T.Harmark .. "0 e



rquictioh -t»of~B~Iac‘k Holes B i R . Page570f110

T -H,arrhark ~ Laces 2013



Page 58 of 1 10

ANank Hole

e

/ f"i'i;\'fs‘

9 3 e Sn

e}
D)

)

-/

~€CY

o

Ordon |
Nee” T

ot N

7
Y |

C .

VTG

e

N4

7,

)

Iauvin

G

v/
l

)
/4

\V/

g

n

tion ¢

d

LI
uv

Introd

‘Laces 2013 .

T. Harmark



Introduction to Black Holes Page 59 of 110

J—MLO-ZUO&/ ool % O\Cﬁ Dﬁﬂbwk STA’@SJ‘ ﬂLafOf\?

N‘\—«u‘ """""

\M{ Can Use- Q{vu ‘(’IQ%OA éo I%QQW( O/‘zz' Y/ ﬁ][a\%j @w

Cfxck««z%f es  aS well

\

Cors) ey petric Lor 1F black Dp—Droee

(o jv\ = 1O (L w/e/w f’irw..».

e, vﬁl‘:ﬁ tr \
N > —tr T
H ?( 3»80(‘6 + Z 0{7} ) t ( A *Tiﬁ(ﬂ-n:)
wifh n = F ",P /
r; SIAN - - fﬁ:
H= |~ D . jé‘ |~ &%

This o the wedrlc ‘%ﬂu ~ N Coinciclba (f" U, W~b(‘°‘(/ér9:s "

0
= D
NT, = { i,;« O roh Cosher e

Sy

onol dempeoafore. Gy y

— H

ol Py COONY

Strese fer cor (s allo of joedect ﬁuy{ frr

(‘Sza!b = (iﬁ?lﬂ) Gy t Fh;"%

A

T. Harmark | | - | | | | Laces 2013




Introduction to Black Holes Page 60 of 110

s
N I
h&ﬁ\ = / '5 }//\ S‘IQ%QV + 1/‘_\ ‘/h
— O \ [P L4 / 1
/ P 1 “L “
}jf’: ﬁ 2 7/0 5(0‘\ a9 (b . (,«1/ , F

'Lq,\c/q/ (S(}’\CQ/ u“';(‘\,o,m,o))

VAW A
6 TR
(/—M:”/’[ cap — & “Lfﬁ”)”— =y SR "
) AV RGP
— (o a “F e T 3 R
6o & -5 }____k_"}__é__)__[) = - ?‘I* Sl\'\)\%‘r
B teeT | vy

, _ ~lng
L+ P = e /W%
&

.»—-‘LL\+ ]

Cx (he)P = — e nt stoh e

= / A

- é/iz"?(’:“ T, (h‘\’)“(‘hSH\HY)
( P: J,-,li"‘tl“?rxn([""s\sc(\}\ Y)
\ N2 X

&

|
|
T. Harmark Laces 2013




10

Pa

Holes

to Black

Introduct

A
L

ge 61 of 1

i
[

[
L

il
L

Y
I\

L

i
A

pourficle

il

F

Y

Q,Lf H (

?

F

\

r

P
{

|

T
A

Us

%3

) ”
beupor”

-

S

ion

or

—

e

T. Har.m;ajr'k*v :



I
<—
D
N
-U
QO
d ‘D
N
(@)
—r
—_—
—
o

n to Black H

o

S
T

®)

S

Intro

TR

¥
A~
~P
)
\
\]
Q@
$
\y
, \» - L
s
B
D
<\\
¥
\\\
N

CE

T. Harmark . Laces 2013



Introduction toBlack Holes -~ " " " Ppage63of 110

_T. Harmark .. Laces:2013



10.

“Introduc

age 64 of 1

T, ‘Hz‘;a,r:m;ark'

“Laces 2013 :



Pa

to Black Holes

Introduct

>

ge 65 of 110

<
N
P

/

=/

o/

-Laces 2013

/

S

Vi

3

Ry
TN

"

'I-v,
.

g

3

~

e

=
e

e
W

0

b

'y

e

v

-

o

)

{

s

c
i

lon

- (Lo n

s
IN

.

| T Har'mrark.




- Introduction to Black Holes Page 66 of 110

Considor now a black p= ~Hrons
\Xu-@w Qw/\wt%jl M((B’\ (h a
MCKQF’O‘UQF/L S[ﬂ&l&/%lw’lﬂ- WML?\ M%/‘: <
G
)7
o leagl scdet R (or lseg)
7 d T
O Rlact MT’M s TNickre ss Scala -,
(%ar: son reoliys )
FO\" Ty << K @"m(eﬁcﬂe&’/‘q 0oty
(X\/r\a\mzcg o/f A Slack ~ ~—& o
0I% =0 T ﬁaf;& =0
) | | | ‘
S i h —
‘ eleje b)) F(@-r o ? )
T. H,armark _ Lages 2013 :




“Introduction to Black Holes Page 67 of 110

S e Nleck e s Zolded” olons

/A T ;
'HT"LL @M/\W&{, /\r 7< (o/) @fé :IS'{/“L bé@é\g;rg

v

> We wll ot o Plackfold )

a(o‘\ < We Cc//@l/\/ Lh ,@%WC =3 \/arvm&z
uc(co{-\/ @@H op M becﬁf-@ly(

& This tmeans +Hhot % o cuw/ Kot
(Gca(y on i \[ecf %(M we s 2 Laaotel
4 oncke 1&~9er

More m/eu);u Y, MWW (6 to A local
M&d&@\*%m‘sd /Al%—& << R} Gh % S‘b(qc@ %/d
% = S/JMCQ b wiekHco o<

| )
ci&*;,ﬁél v 2% 0. Uy oot ot \
e &
i + r’*cJUZM,, |
L <——-1< '

-

THarmark 7m0 o anes 2013




Introduction to Black Holes Page 68 of 110

S@ &f/ (cawa/ Scalsse = F our

Spote- e 3y dezcrided j?v ¥o pudric
G With an inflafely darf " oot
\)?/?A\ «%&CMW /Xﬁﬂ(b’) cucd MAA
(’/Cr ) ad U /0’7\ socl “Fgw%f QLL/

P N .
Va_ ‘\—) ~ / N ‘/\QL

=
—/

Tnsdex % ot spall scalec <<R
MO’( C;CO&L/‘% J&—b ,OV&M e Sew
A Consfcw« ‘(A

Oke attia Hhos {gsw\[i Of= = &[&C@%@u as
a }(,m/\ -Awoe spona Jukmm(,éd(g( Je
@ U/‘hld\ we 076:,% < pqvf(/)\ W&/‘k\ @/(9
— FRqions of constomts ¥ v U?

. ) 2
A 4
(%
Y
3
e o ~ \e/
"’»-.M .
A/Jn”/) Tl i, -
e s, : et -
o L3 T o Ny ,/ Y(S/
(§74 ’/(() "”“:#41: =
Ve { o > N :é-é
e Y / )/‘L / ré ) w /,-// : \\\ - /
&7 7 ' P L T \
i A :
J <) hw.q‘ht}“‘i:i/ r&’;ﬂ) g ~C
i i
7 ( 'fg/e"i \/; (‘_(v] \\

_T. Harmark _Laces 2013|




“Introduction to Black Holes Page 69 of 110

bfvw iﬁ f 7\(\

J:(fﬁ\‘)*fad ‘e re/éfﬂl“voh e%&%w&._

a‘l%crﬁa/ o e €.

e

& - —_ -

PN 4 =C.,

}: .
,,S — N

511/”1? [’/b(/év - ‘Eh/ é/() casSl . o cah

) ao to %Q/Q\QJ/ Uf‘c@ud (e %&‘ 35\/ Ol —
\Jbv C&r%i/" W@O"C\\l"@ﬂ@ WNQ (7*“

(”v ccmfec’mox\ﬂ T welri'c cyM,

%’w o Ghe ;br&wu (+ ch“ecf“ozh@)

- MAE

‘u RN ’ i
Continying ad cmam FOm W«fh\ wad—)mw

- )
pedrc  near acd  eastylc fa\, (o6 ey

U Lrome.  ore _&\yo\) d “6%0( U WUA clen
B yc% })\a ck hole, ﬁﬂl@(”%€xﬁf}/ ,

T.Harmark LR Laces 2013




Introduction to Black Holes Page 70 of 110

Commrnts :

— ﬁ/“e/iz@ﬁ&{!m %F’ de)ff/ur'& mm'{\/ (ﬁ@\/ L (/‘)Tq
beck szzcha/
“ Qe Cam o [v %e@-@(lw/ s
&2 C‘E\M»OQ <Q_>D~d<\ Oeing - <. 0.
V) “orecon e Sl M\/ |

More op  dals  lefep!
< € Vel ol :?—ew)lgﬁ Gchy L ,{Z)
#meﬂz

a
Wtﬂx N @Aow/mw}/ ' ¢ch redecr e
of. af//,zg;;\j/[,carf/ O~ s

No pe 4‘?\& POUAL C?D/é“ “1r\ s #amw@ﬂk
Wore Olvac(/y \,\_/6..! 0 ‘6‘@ %ﬁé qu Ca S0 %
= Makoy ¢ pocible o ohit He

© eQuatiopey |
T -
Flost spocial case ;
Sraddone % blocbgs lobs

‘ T H‘armark , - . Lapes 2013




~Introduction to Black Holes Page 71 of 110

Stat Oreey, N Jt dolols

Tod goeel « lia&{@(ﬂ( does ocoF need to b

\i«\ Q/L?\)a z\m&)l/»\ N
.‘/

— Wh @~ dopcrble black fol (s wMJ) e SR

M&’dytﬂaﬁi C e;t‘i?/\vsg li 5\_@1;\)%« (O\/ﬁf’ A5 ten Ce
= sfc)

P

We_  c¢a, OQ;QX(’M&/ Kca/&@[d( widh ftfﬂb“d%p&d\fﬂ
mb«w&(’zme

Now we wis\ € r’@fn’c{" o aagmd
& Blok Gldc fhet ore ih equ/librivns
> Statipnesy bleckfoldc (imel dadic)

R E O R P

‘110 il ol b /mz atle )

 YBlack bole & &J%ce;“w»s hac
g R vechp. F—/e(&( kh, ZO” u/?\(c}ﬁ

= LJ(J KVF
= .L{' o \*u)“ @b e :
s

; J/«VK k- lﬂ{ :u

N\ £

T. Harmark ,

[y %rLkaces 2013




“Introduction to Black Holes Page 72 of 110

How do we  chowackadve  suc  a  vecfor j"w (el
ﬁw R bl ckfo A ?
Ramm\w/ We e o ok s
~ %@ ck &rOUho( M\#r{. C é\ j;/‘”v
— Dlack ;Cb&wk wﬂl{ vacc/{%wj Kﬁ/@’) ,_
| cin \SEH'&B( —ter g~ % ( pe-fect ﬂi/é"'c”@/)
Ja = (&.+r—°§u,.. Uy * P Y.\

Li!iﬁ:f, I

P Py i f
turrb Frtt

Ouv— J&@V\ Hop

A Sf”a{’l 0r\a.t’v backﬂ) (‘/\‘»( fﬁf‘%’?c)
(y  sduch JGHQ‘(/ |

e M w@d&f;‘ & \/eLf‘Or z@(/( k

whick (2 K\/{: Otfi Mﬁéc&qr
raeszc , he.

‘*vk *vﬁ,lc sl
W W(lgmcﬁ op eeu m/{: /cf“ +a e

Wor/uf -0 omu G
kE o= dn X l<

; ‘r L \;/C:
B N

oy
Dok

T. Harmark

- Laces 2013




Introduction to Black Holes Page 73 of 110 .

° The wveloc! Ls/ H«M U s Pv@/mrfz’or\@(

“t’(} Kq ’ {Ke«
—

U - i

whare g |k[® = \v/"- LI £ k>
H\e)i/e, HC!L DOt /-'\%q'f;r‘)h ;ﬂo//aws {—%ﬂ |2

[N ’
re,g(wm;j/q € B/&L u&'u‘b;-‘(

&)
Remmeu£ L
The (“57[' two *@é}l,,u (remetyts :  F K" op. WV
- T S AN —
— U=
EE

_Conm 41 g drctf’ Jon 5 |
—) N‘Q/CQ_ASCW 76;— QB_S’U/; (_,Q_/ a /4 i 1(4,,,;_, %7,
o{uSS( V2 v‘7 ve ﬁigﬂe u‘ts =

Vi e

. Harmark | Sl o ~ Laces 2013




Introduction to Black Holes Page 74 of 110

T

o Remenk 2

| %CCUA» (G- &CG/J@

Close to the bl soalle

‘o kw%m ooy~ %ﬂr\a mebr'c

Vh
ds™ -*(XAQ + %% uu\dcs/ Ao ™

9., R
v v +ryrdn °
l———_ ON Ut
| T
The KVE K p Hhese  Coocdinede ¢
fkes the  fore
‘ CV/ ‘// co«uj(&_? )
k"= [k 0 . o)
| — VA S
ﬂ'ij clase o tha AN T
v k'(” k’\/ \(., kak’& + rd: U ka
0 &' b v ( )
| JF:O«J/ =,
q K K| __ =—[k]" + (vk")
»7'&" (v — 1,

L H%Cﬁ/‘ K (s tn deed JﬂmK\/‘; which cr

m) [ o+ S \\,c}rfv?;op\ - | —

» = )
~T. Harmark | ” rLac‘eysw‘2_O13%




Introduction to Black Holes Page 75 of 110

B Cxistenco OIL such o KUF

(S & h6’5§@tC%>/ \*ec;m C'M@UL %,\ -
X Sfc\ 'II/C) A;q, N / BH @4" (Jd/ +’

We b ol @40 /’Orﬁ 15&)!/@?7@;/ \J\af“ {—M

Concl Eioing évr & Ste sznwry l(ﬁnctﬂo{dé

afoy (¢

)

T.Harmark e | | | ~ Laces 2013}




| Introduction to Black Holes Page 76 of 110

a R
— 2T S N . \ \
]—(\SQ’/’IL’ e E \re O r\ / F R i» A
] O {

/ { \
1 : T RN \ . ‘ - & |
gaC)M (ij L} [ = hg‘:&ﬁ‘%‘ Yo }Uﬁ(,/b +* g?ﬂ,ua‘:)ub t U un)5

COr\‘\‘i’“ Cfl';/! Y W L‘Aﬁ U \ On e/wq Q% —C

(H*)l\ ( Ocﬂ'/)s\/\uﬂ - = p(;« VN

Cord in g the fvo o be s
Www”“"m” "“"”‘: ....................................................................................................................... )
S S ]
. 7 - ]

V' ¢ Acdeaton of- ﬁwz

but @x}w;/om of  flu'd

TS gl
IV’\VOS”Q/ o W ‘(79»@‘(“ ‘(acm/ duc}O{

SVL@QL/OV\&?&}/ E 5 L kL |
VE e res L O %if Bk 0 |

T. Harmark | e e i aces 2013)




Introduction to Black Holes

Page 77 of 110

Ly . ) a p b .
COnﬁ(”W\ (J‘/ r\o\ {—’% K( é f\j,, éj w{%‘@ k k” {j&/\/@,!
ch tL D l(\a = w%;c% QL\’& C

K* 0, |k

U:sinj; T[%\LJ |

v g 4ol
0" =yt b.u” E’Tp\ [k} }’i‘t D:D}Cc\
b . |
= = e DYk = DY,
| . A .
= & g O HE = T =0ty (K]
Note  alsp DE =0 so et &,
V0 ) = s SRt = o
Henco . we Cimed
O C>m Log HQI = d._loqr,

MNis means %ka :’i s reqwreo(
o Ye @& com%w\{ oo *@m&, 33«{[&%0[0{
| WO\"’(//( —1/0 \)M/.g |

]mi—vxwejm(—( an @/g, *@hus

-0 = 77/(-& MOH\Q}/ kcaok w\— U (H‘

‘ T. Harmark

| ;La'ces 201" 3



Introduction to Black Holes Page 78 of 110

L Copsicar veloc(ty,  L®
- Mears (() CC&( Z/V G XQ@(‘) 3\{"\9(/{_ §>LCR C,éZ J=r
KVF L lack W)Sra,na/ N et
P ‘7(»/’
(On(.v (oca U\/g KM{Y& > dot 2E q% gales = R)
Ti —trosledion KVF T To= |
¢ L .

Tran §[ 'i}'}Ob %C 4 %,'\ = \ , C :\/ sw/',l/)
. (QEMWU'I/—I/;G/I A lmemc u\&@w%c@\{-)

' i S = i / \ -

w V. = Z Vi Roost ue/!od{}y |

(=i 5

G

T.Harmark | L i . laces 201(%1



| In"troducti'on to Black Holes | o Page 79 of 1107

Constdiy now Rve k7
sy UMl We. Lave :
j = Jc Hvie — tranms(ahor KVF ¢ {(, b@oftj SNl

) . .

A= 9 L .. s - Rokakional RNVE S

~ 4
t ¢ 7 ', . B
‘ Of*/ Kﬁ (‘_kls C . (CC) al NV} 71'/ Oj )

il ASSUme {’\(A (< a (v;}m% Chhad . O 46

M :
3
K™ = ?’“ + & X
=

TN
N

Take pollback to Wy [V =XV, )

S

@ K=" 2 onp
=

T. Harmark | | . e R Lacesy201?3;



Page 80 of 110/

Introduction to Black Holes

Norma of K™
S
: = T
& k" =~k = R~ 24@
(::1
i &
K
From ys= [ We mow e
— \<‘C "-‘nkc\ \ ,
Vi = — ezl ;. Vi=0, c=selp
153 ‘\O [5 7 7 4 7/
. < < = A AN
N - ~ | l:\ )\‘V_
® = g i A= T
(=1 - =1 e
P ™ —_ ‘2_
k\ ' R(’) \V/ | — \/
At\f/)dm V‘&OQ-{'MS < Low( qﬁm;jv(’s of 3:>rau/ g
alt
e , JL a s !’,, . S M\/CO/\J {u,« ”fg Y4 {l:‘@ i
) L(ac&ﬁow{r W\/ | | |
ey ‘1’2 ’QL\\ S epomEe e
/T o5 ,,, 7 <S’i' m/{—’\/ “Gw; o
. - —
C(wa.;ooho{) {oca 4‘700)’ \/ﬁb( 0(7 O(L Q‘u&/ o

Ol ck ;p&mb

Laces 2013/

“T. Harmark



Introduction to Black '-Holes | | | | | Page 81 of 1710’“'

7

¥

k_w/;ew'v% %M for  wakri ¢

d>t - - (\’M\W& *éﬂd( = { “M!"oéh v 5‘“{/’(5\“@:\’
e
O 1 n Co oro( ‘s
At = &Yy < ;9‘\/ Uﬂ i{cf“d/rfg’ nes

+~<’M pe—efure s Yot véai-'ﬁ}\(‘f*&d (R@ J

opd e (o a LO(U‘(: Lfﬁ‘d‘o{' ( \Jl-—i/L /)

A
L4

< \ —_— L k_......«,”___.

O We oe cow %a{, Ais few, T U5 regoufred

bode contdat ove o m: wv@aw?

ch, \sovv{ e,7u; //Lm/m f&v%zv’—:/mqwﬁ/ ); |

. e -

‘ 0‘ . | _Cv"cz\-/-( dpahrg,

T. Harmark e - ~ Laces 2013




| Infroduction to Blkack Holes | | | | Page 82A of ﬂO |

The  adbeddin,  X(6) needs to e such

, ( > _
dhak L, onNTE o £ £ stavs wilA g

\ ! ‘
e shand {?o (A S;/‘:an/wc% ED,\/ Kﬂ( o )

1&\ Oodsr @%«, CO/&&FO zcm e  Lauwe %UFMMO»Q

) . o
(,,\(_g\)w\to( P , X, ,\L:l,b./,_?/, ‘%@ 9761\/& add e
&at ;dﬁtyg W’d\\h the  Sdobmani {0'(0(.,
T iha[)//ej
R.= corst. )@{}« = cons E ) Q(ﬁ//,.v/af
O cooldh yelar $his Q_S'SO""/){‘/J«H by & oDt
Qe S;féném[ K\/I:( (oFo Ono.
< ﬂ;t//“ Z BRI
L1
WU We  Sa J(‘N e é‘oh W%?L/Ofw—v DFS
g% =0 > T—f?”i; 0rst
This abo Goes ‘H\LQW W'y Tma&ﬂL > D
S

HQMQZ/ WQ Ohf\/ *\QEOf QO Se Ve e 6&7!

o K,,\ =0

. Harmark

Laces 2013



Ir‘ltro‘ducti'on to BIackVHo'Ie.s | - | F’age 83 of1102

Exdrinsic eg or Slifigrary  Slack foldls

B Ve heve g% = (exP)UT e PYT P

. " R . .
Extr, eq. (<P U'VKy * PK” =0

Wqﬁm we. Cﬁmlﬁf«/ﬁwecz/ %}(&

i

S
K= ¥ K4

QWS < eq. © £ shete

i

0\'L'{;/\.“"’”£K

(. M~ a ‘ .

B

.

F:or gwquw I}F; i u = JE[ Che Con

I
g

T. Harmark o  Laces 2013




Introduction to Black Holes I vPag‘e 84 of 110

g = i\?,,,,\ + ~
Y 7/ /e
i a\
pegjects P e—o;uz cts
}Oamxlte,( 5 WV (,r-fH‘,.,o za,\c( Lo WU

{ I
Hoe W7 = Y7 XTGXT

K™= | r%q,'c*)d |og }k)h

\ U N

Sinte ‘»5?1 Ls xveq\) [ recl 'k'd Lo (,0/\17%4‘\% WL
He-t

Con a(j‘o' Wrntgw {g*/uu- 2D

K(M = \_L/—\ o (9?{0(:1 (“P)

OhQ‘“ Con -S%\Oﬂ/ Lh Qs»ne_fa( %Q"(‘" {;}7 v % M
%LL s eq [l szk ,fo//wu ﬁ‘ocu '\/f”f‘/(//?f‘/v) )
L ﬁc,H@fw “ '

©

Tw Ve copy m/( . siilion sv%omw e
g@ &(@QKQ\JJ ‘Dy & ﬁ»d’}"é‘\’”wfe«twq , é\; L QQ”"’oh

&
!

K] 7"‘;""«

e

(. ,“;'M - f

Laces. 2013



Introduction to Black Holes | | | F’age 85 of 110\‘

D{MUC«(, 7%}/' #‘M‘{W‘O} JJL“_’L’OV‘Q‘“\' E’F’/§

Stk with o KVE of tha

@Qackc, rovmcl potbivic o . | A < o
J ” 7 ~

&
g ) .
K = 4 S S oy . I =const
¢/ \ (“;‘ ()’5{/(/“ (4 t
Y ‘
e H”M/( ct EMWZ’( C(C{;§ Oﬂ @mgedd;m_r /«K //0/)
;i r 3@\%) & %Qrf L\//L\IC}\ e oz/i:whif
O {’Zf? 3624:" C%C/( C;_ S é(\/ Lx//?%l(/;
. v N 7
rhe. go&mawﬁ(ﬂ | :/.-,wmea( 4@/ X / O/)
_;% 1 i LUKC '(l:' RCP, Yé’.{%
e CO~L 7"’&?‘4/1 {T
__@ A % ‘%§>Ou\€, CG{:’) & {/"‘Q‘W &Q""\bc

i IMJJC&L T = const

E Sc)uu@ Q,x%r | <Y”‘i>(<¢f‘=©

o c,{”) on ,\

I" :\_\J x/\/d O/k' p

T. Harmark : | - Laces 2013




Introduction to Black Holes | | Page 86 of 110

W.@Ggynm z,\:’\CS @’/(, Sdﬁz‘\vgd‘h i il «K[cﬁz C&Z{O(OU
! ; ; S’
KVE of backor. K= S+ 2 oA,
< (=
\ .
Detivs. n* = o 3°
\ g
—~ m '\)m}/” DOrraa vecfgf on SYAVA & “60‘
@ CThe S e e ol @44 . g ’/ y
WV
)
W,A_ (Q\? g e OQ«QZ,C;}(L—‘L, (,gffa O@%PQ)/Q <
) | .
\ 00//“\ D— .q\> D : ?
) B 2 | =
J.= = \’n 0(}\/&,1 I “qzzb
~J )9 i
—~
’EW

H@“‘i OU/%) e 0&%[ ?fﬁz Gg 5’ U L\S \(cL«%‘Q
= Tey >A~e\ R dly ()

WV p

T. Harmark ' ’ - Laces 2013



" Introduction to Black Holes Page 87 of 110

We Ye T = (2+)0)UUA“FFK
Conrect  w)dh n, £y -

T ke = (24P)Linl(vk) + o K

=-T, s {un|el = R,P

toeat
=T s (un) — R, P
D j;{"bﬂ&zb Zi T n” 76!2+ TS(U N/
= —-RP

=V o G E = 2F ), RdY, P
S
~~AHWI g3 — TS|

EULK&(Q&% oxdrf oh

l~cl

Ie =6 (M- 2 5 A -~’T'sj,

‘T L caf»;{vuﬁ*

Eﬁ%l‘fmjl < Cq (74/01’1« QQQLJOJP)

0 I [w of Gradiin s

T. Harmark | o | | Laces 2013




Introduction to Black Holes Page 88 of 110

g@ 4 %)r‘ Q[?WL/\U”%L\/ b/fﬁféfﬂd/cfﬁ

€ 77Kk, =C

Sl = T4 + 3 2.d7

c=r

T. Harmark | | | Laces 2013;




Introduction to Bl%ikkljél,gllzeysj as o j‘y, SFediona —y Ha ijﬂ%@@ 89 of 110
” ; o f
EV)&MF?(,L ' Rings
n % R ﬂi, i . i - ] »
COP\S L~ & H ack Snfr»;@ e ( ~eutre ( }

We wert to Leeol Hhat alf fordg Close!

&OOW & e doled Vo Uwé//ma v, \)//7"”0& — bas

Wﬁ assyme. the (oop (iles within o plene

OL Hho Sjoa Ce =B,

() SUNTEE _
P/\’C@Lrﬂc;., #or f/?vcy(.};.,\h q//[ag{f %picb——' {)14&
-3
As™ = — A" + odr™ +7pt + T odi’t
| l (=(
Closedt (g 0P e Ma{c/{frm% :
.
tHge) =7 P(30)=0"
N (50) = R(ze) . X A50)= O
W/ < A 7 7
/?\

T Harmark | B | B Laces 2013




Introduction to Black Holes Page 90 of 110

;Aﬂﬂ( M S’VLﬁ%Obak\/ &4(,/@{—0(&’{1

COfﬁ'Qéf/ﬂO/x(/Uf& ?L A &[4(_@ &vaJ/a‘C//; L—M%—(—’Q/

b e closet (oo,w?

Pl !

Mosé ,_QLQA%J«C KVE t=lewn & for
A
2

3
K= 5%+ a0 %

vt ﬁ?’

FC\SL@L with = o Mean s 4hat
R = R (&) |

—> NO Hhe o Lo §iO€w Osﬁ Hhe (d*rmg waulc#

O)zW—»ék et ﬁ%r&, emm/cchv, Cf waxf%&cﬁd‘

oy JL=+0O ¢ iQ" Coc t Since W Wey £

ooty P both .)%? o of % w Lo edorg
RE wV.

)

T. Harmark | | Laces 2013 |




Introduction to Black Holes Page 91 of 110

Iﬁ()gd c,.réc/‘{ mnc‘r'z C* {O’ °=3 , ¢ = o )

)
Norew 0 kgl = \Jl-FR"
b ! ' Y
s H N 7 . A
L ot - KC) = | e no tedd 5@« ‘;”»(” ' 7@/0‘% gﬁ@éc/’*)
O S TR S o J
Velocity vedfor =y =17 = m—— (5-+n 5]
7 L A B (O o
E@M/ﬂmf‘dy@/\n’ N= D-p-3= OU-Y
| N ey, ot
T _ hf"f,__, _ \1\;|~KW{(—,‘:_‘ N _ My RJdC
-....—- Ll'n-'v L L., B rA - ::T-:'Wﬁ
L)) ™ Tg 13 ]
s .
ressUre
| JnL e PR .h 2 g‘
—_ . xR ) 0 - )L’nwﬂ ___f__, - AU A =
—0 ot o= Tty (o) (1= %)

T. Harmark | - Laces 2013




Introduction to Black Holes Page 92 of 110

{\vo’w’ W€ 3\\0\) (‘{ £O ‘@Lf{@(# @Q’

Achon  methed -

\ NI
\

' e

e

cﬂ&cﬁm P = Hoey [P \ @\o{w{w (1~R'n )Z

lsm ey

EiTrenite -

C=g(R(-K)™) = oR (-]

+RE =K at2R ) IR

ED> 0= [~ R - gYa™ = (= (het) RN
1 |

= 1

. P Y 4 |
AN LAY Y -

\X/[/’ - QCOUC\J a 5"{7?-‘71’20%&1-}\/ },(4‘ c{if% (A /

F B 4

{ , "
0 }?AYM ‘Vohah hg e ek th

— MA /A(Jd[\)#dk Qr C-‘“-\y C/g/’\’@@q&bd/\

D = 5 (s,m,e e /u?ea( at lecisd—
codm. 3 Cbr“r’%«d Ayg 2 n= /)

K@}“{"’d/’\ 05\‘)\}\/‘9«5 %CILC?«( Q. 0’7"' %ﬁL@P

Torce, of Slack ;qtrm\ Fnslas = (oot ifuged
m{”‘f} ' {@‘_’CQ_,

T. Harmark | | | " Laces 2013 |




Interuction to Black Holes

R
,f/ N\
f (et } Aen Ll
[t
§ j,f"
\ p
o

i

o exeup iflee why

T osdenclocl Slack

O&nﬁ({'ﬁ {éj\v* V= ¢ leads th HaON — U/\\?Ld-u-e,_g‘r‘

/qwa\ c«wymﬂ%m%c cho—c;e—s) e e #})h

514 g0 Fai C&vZ/\/ Llat Spei ce - thzes
/¥ /
Find

(/DC,Q 4'?‘:@ C&Cj\/{? ey ¢ we
77

as Wb*’oh ccﬂé/v Qla{* &f?»a?'? C%‘\Z/rr—/\/
\/\17"“- Q\/%% ?W)N 20n 1O sﬂca[caﬁ \/ S KS

lh o dA ‘/‘)ﬁb &0 \[:'1712/ Mvers "oberr}/

7
B <« widk b 7‘“0,;90/@:,}/ L

The @;\>d\/\e v {1 //Ffz/ivL Iy << fi

)

)

\ i —
— SefQM~‘1L/O% of Scaleg on EH

s () 35 raddios (577

Dol L)Jﬂm’a +3 4(/ OrCé),U/f ,

Foonod =54y Crpae @zy{?‘ie@//

[Vt’ﬁ"’S &eﬁ':rbg B\: e thod  was (p vk Tl )

T. Harmark

Laces 2‘0;1 Ci




Introduction to Black Holes Page 94 of 110

Note

£ ARk s v

{_\ ’ . i - . \,;;(j . R hc:_gg e / [ Y
Une  cor alsop sof ve Airect(y 7 K;‘;}LM =

: ' . / PN " .
q“‘/x/ SO C»(T‘i}j et (ﬁm ceaicld EH")?; tmen ecli=fe (;.\/‘

o (Ve §

_ i
W) |
— [
<
L | Y

as e o (}/ Q0N ~ L0 COPpr Qo £ 26 € it

e vyeducee +o

) -

Y ‘ \ |
T = O < Feo  temcion cond? on

a ~
= Belance off forces

P |
v \S

T”: O & “f:"‘T 'f:(u a)z./é; _ /;l:,-g X” =0

{

Pt 4
e A ]‘ = ~) L— - ‘
& ) =Y D T T e

— S (N 1<

i

< N ot < S —
D Y S et N S < W (i

—Cj \]Fl::f 3=

T. _I-I“arma‘rk . ,. | s o Laces 2013“;




Introduction to Black Holes Page 95 of 110

7 e

:E. F —~ i
[xewnpls 2 Odd - sphos

m %a-i—ah%q % {q d( ‘q/{r\g {f @0‘,‘,{/ asii? e\
m O (&ww ‘7(,0\/1/0\/(\/ a u(\lf)f/mr\(

\ Z/ww/%

{;Qrzéi-é LA % P OW

We weant £54  benel o b, e otee (
b lack (’Zk “+ i,/) - SNrcune (.C\d =2kt | )

~ On.__ A Sahl Spo heio (qeo'(w'é@fhca((v “ﬁu;acv;(\
- Cn  « D- (‘{u’h—\ ?L(« _>/<7‘"CJ<:,w — ey
Nedr 5&0 r Dol . ;Z'[C\‘+ Sprece — \LU""‘-L/ :
[ \
At A T S z. (C@V p S )
p-26-5 =
+ 2 dx,
=1
. wherne the  director cosines fio cue Constralned
by kel |
z p = |
\V‘C, 18 ad (Ook(f‘cﬁ 4)/‘ 4 _S”ﬁﬁ?LfU/\%I'\/ SNack 50(6”7
Ke | evan K\/l> oﬁﬁ gaccﬁc,w Ls
c) ‘kﬂ c)
R

T. Harmark - Laces 2013



“Introduction to Black Holes Page 96 of 110 |

We caun W r(’r‘e a

M@’-ﬂ‘e/‘fél(, Q,m)ﬁe C»Mé;qg @‘ %S

golc) = ot (=, kel

E(c”‘*z,,.,./ ) = Re e M)

o

2

AS camdd Aate %ﬁ/ S Z;?/njﬁxecfe/“//]sﬂ By
Stud Ot = 5 \>(GCK)€0 dl.

Howewve,  we now vestrict ourselves € fha

cas e C’ff a QxXOh/\e;H’))CQ(/Y +0 Oned SZH' W

K(/A-/"k\ = C@V\S%\
Yt/

Le. the enbedding Ho) = R [=wnst)]

© Tedluced wetric
| Koo oo > = ~Jf +RT ; (d,m + "'dcb \
V=7 Ao = ;
= R aicf" AL, | p=el

T. Harmark , Laggs 2013




Introduction to Black Holes Page 97 of 110

> ¥ 2 f ] 1 W
, kf\/i ﬁv(/\Her’f/ S«{’ a C( &:j,u(@ velp c '(L/ €y
o e egpual
+
()
J
—)

T. Harmark | Laces 2013




Introduction to Black Holes Page 98 of 110

New stetgnay, 73 Fs-

r{() -(-;'& J()(\ < & 1 .G E/Q I"l’?[ cét ( [ v, Yoon C//
—~ S 2kt |/
odA - spheses S

Solutlore whee n= D—26-Y 2 |

T v f
Rotatilvn balascec Lé@rca, of fension of

- the  Gecke (et b
E V%‘?L Yor 1\‘-1.-(3 0 \L() O (d\j /V -
ret p~ak—3
S xS

T. Harmark - Laces 20131




Introduction to Black Holes

Page 99 of 110 |

Bample 3

Pr@(&&f‘s o/ 00@/ L/;-A;W > (°

FomdLU/ g@«e/«c\(/ yedtlon ¥

Gre can hnabém -cdlucts

off cdd—.sla/lmy

U'a(«fw. S[FiCe~ ‘1‘/‘4«,@, prehd ¢ ¢
C
: “ A
A= —ott + S (del + ml/mu L)
ami ~ &/ < Ve /
PD~p-(-1|
+ é c‘fL
) L=

Rey [ conty)

/ C

( o
4 rb
_ Acklop - IV\M&’IT&\(%-zf ﬂf,,\
@ < T ]
L é.f;/s (one @ each ﬁ(,,)> ’
— v
o F& 2] , .
K("Q :’7'““5 0 / q:[/-‘-r#(/
’ \/’ll"\',‘/‘ | JL—(a} [{ 7
EH ‘%o‘)oo(avy
— e 3 P
S xS
Kﬂl:( -/
= D-pg-5

,.T' Harmark

Laces 2013




Introduction to Black Holes

| %(.@f\ hous Vm(w Wé/o;@ J\—‘(\L

Page 100 of 110

D=9 57, 5'%st, Tt FPact s
T%S? sk &5
N SSXS?*,,T&S
D=(0: 45, $-5% Tyes, 575 T S
S'xs¥xSY  §7e¢x s™
b= st S‘%sgl, 5_,—%5 S~S<5€/, T’ 2 5€/
T TS sksxs’ Siagt TR S x5
TSXSV/ SXSSXS S 15 <S> Tx g’ KS/
O STt T xSk $*t s RS?AP A
efc.

T. Harmark

Laces 2013




Introduction to Black Holes Page 101 of 110

4 BIQCK) _',)2 & YOUNES O (l);rOO(ucf'S O/i\> oy@(w\g}g/g«@-@;

Ié\ /e COV\Sl(ﬁOJ/ \qdo \BGChUF’ \%O }\«Q,

=[O ﬂlﬂi’ Spece A \flhmz(ow»&é S,za%z/)

M% all odhe o SUGK A ﬁ,@,ng £0 rneol o{;f

(d&l [acfm\ (*(mv(’ﬂﬁ(“ 5O R%@nog/ Rarnoc/ //é/O/S“
efe, ) #m,l/\ {‘419. sl QKA@Q{’/ - QC’/J

7%,» o Ylack 19@-—&** Yo ldecd  ee

(K,(\ %WM//«W A(O’) 9¢‘ G [10%- ) —Ai

’ Sy pan tﬁo(d ‘)oz re_

3% =0, o*," =0

W Sal @f’i /gcffs@(,‘f} ﬂ e %@rtm aneA. ‘

wil ‘ -:
= Jla%] Lak ] ’
¢ = k“(vw ) + hJ';n}\’LY\
b"t’t’() v
o S | N A \ 2

/, \ e v, \ e st )

19 i
w@«s@/ e dv}’&e, (/Q?(Op(/m @DQ(Zk 603 ﬂaﬁ ~
Wity Dp \rec Had‘(ﬁo(d & i ;_
Dl whaso !

(ersimie) == R |
N U 7 7 O . ]
£
" Cale ol |
‘U

T.'Harma‘rk | | - ' B Laces 2013r;




Introduction to Black Holes Page 102 of 110

Ta e &%WHOV\%V ccco  all Hal CA&W

(s that T“EKx =0 Qﬁﬁs a_od it el 7

N

Al
T = \_\) \FP
bod we ool Vary X (s) for flxeo Ck&gz,
— Gt
) NT;F = enl DTS slah e coshv

gﬁ@(\/uﬁ@ {’Lﬂ& ﬁ%@ﬂc cale G)?L 1 P(C’O(ucf"

OZ— Da&a@ SQ&KQMQS

C
T (2 .
1 S | Py odd
Q:’ V4 v 7

we (ool N O
Rer= Zag il oep r"'.;"'”—F;T

a
J | (n= 8w +-p)

20w can for Instwace  wiep a

D3 “"bvc;wuz,‘ on O 53 V—Fuy Lo ol

(@’Y\GV\"Q-QJ"@ W ) Q’\/Q, a/\ Q,\/@L‘e ‘\Om:&o;n,

"VWH\ to po Gaqy S X S

T. Harmark | | ~ Laces 2013 .



- Introduction to Black Holes Page 103 of 110

fu&uvﬁa#)%g o a Sladefold

We, NOW 4o L&y’d;«d "%he, Cl s (»/ﬁ 5’7‘2740/\%»\/

DlQQ&%ﬁ %/{ (C)Dle Qé @ L[”’CQ/“ ,/Q«t./ﬂfc)fbf//]@i

X/\(O/) /\‘ fj//\x EOA v @v\/*y A a(e s = d{’

/P)F_ ct,):vy/”r”())z - R > For (ra '74_;4/\ b[{cf\up,\m?)

~OSeknesy

RBo& Coms)jdlosr pow ﬁ%}r&«(—» omr ity Frwaix o [ershn |
A SOh Hatf

K> A > o

<

dince. A<=+ Yhe I@%HM, (ock s ﬂ4(<
ad there (epe# scales—

2 We ¢t cof o, =0, oo

X" (o ) =/ w*/’ , 4&/12%/ L. ¥
@) e i D~ |

\ 77 7 77

Sthea.  A>> o, 0 The petorbefilons are

USTCR/RSS

described by 8u F eqs

]
5 KA
pija =0, J "Ry =0

T.Harmark - | | Laces 2013




| Introduction to Black Holes Page 104 of 110

\VQ Consi dor #1#54* 2 feweral pefect £f oy oA
AReEGRs SVZT‘?SJ” WCW’ A ’@’Uzﬂ 2'7@%/4//%&
fﬁ.&me owﬁ%48 P W Y )éw«@»am&g
‘r‘e:/C”tOQCQF ve (>/m

Uhf&de s T P pufat , U = (1 0 ... @)

=(o,v']

7

( Troms VersSe dﬁmcﬁ"m)

=

P&/{‘UM Jtress teosgr

Pefirbed estr. corv. Aensor

DR VDY VR T

NO:I"LCQ/ UULCOUPW{% OF[C (}/\“}Tt?ful)C_//,
T Harmark ~ '

Laces 201 3




Introduction to Black Holes Page 105 of 110

- . A,
(6X(h'. eq. - j K% - O

N

(€9 + P9, V€7 =0
|

! W

\l—\(wyd / K‘ WQ%Y)W&W

M : ' } Aégrv@»cv

m i ‘c‘/u‘d =T W
} A e € Y : velocty of

waa‘tj =77 o

——

L —
frauadﬁi C ST« PET =

(wit k= \//?f:)

P
<

k’b

SC) We F)r\o{ L=~

Qm(wnwmk@/ﬁ- P<o, ¢ >0

D Means that e RFE JSf‘@bCa

unca~ ;Uc\ﬁ MUVM‘ILth§

Y
L.e.

Neotral hMack pobron

™

Q= T " pe g
SR v GLID)r S P T

Bleck V;ﬂ Scans

Q/° )LN“ r (n-un‘nsu«&z’lq/)

= - @v}; (L n sl )

T. Harmark Laces 201/3f';'




Introduction to Black Holes Page 106 of 110

—Indrlesle eg: NIT <0

_
(0=0,9°° = J, 7°° « 0. 7°

77 Ll 772l 2

O = J, 7° « 0, 77"

' T S i ‘
. j} C)O frco - . a@ &i jco = &(: C)Q j.\u % {
o) |
. (& — . T Ne
We 5/{/6 ' 9@ e = = de &,V‘. d T
‘50(0‘('/&/\ . s (ke
SE = A e € z
OV)M - . T AN S O
}0(“ ) - N} A K —
S o ! «LJUT* = ‘O_'k—'-—-.
O | k ad. € -
= , 748 ]
F@"‘” e ONTE ( % (QC/ k }/J%DW : AL -
D Means dhe OF U onstable . o el f_
vedordadi opmg ( | , -
Whet & s »yaﬁy Z/l/-y R - i
—() -

T. Harmark | ‘Laces 2013




“Introduction to Black Holes Page 107 of 110

|

0 LS l\m@;ma ry . S 6 whid< W= vl

AN
) e

AN
Bk if(c"O

6’2 A e

’7\ .
(__— Modi_ 3«0“/5 L~ LS 0

We se dud (1= ——= k

AN Zn

- his o Imcwi\/ the O(uf,wn/ﬁ@fn et p
= C9/‘// e Csr@()orv Lc??i{)[mme, I’MH///’IS/
th the (OnOi”/W4V~L U—avlﬂ ///’7!7L e .
k—= o [z)quL [

GL qfouvw“l 9>>/ \ﬁ(‘)rx/ COW@[l/ccﬂJLecﬂ O%Ot(\/flj
s ‘\ﬁ 9;;(1///7*)«
(0(\‘@5\@'%# C e_a)r ~ | pﬂcj@,z/>

Boll  Ais po Sloe te [ad 26

W
an
/ N
/ N\
/ N\
N \ N L
A\ , v R

T.Harmark | | a | Laces 2013



Introduction to Black Holes Page 108 of 110

{1 C’,&;‘H Cj“}dr\ k\/ b\/\ ¢ CO&{mwa Visco O/\Cy’

correetior & S@chw; %@m@ﬁ

Univeszal Cor e
\’o,lﬁp'{-/'o{- AR S A VU , o
6 \CreCseror ek oot )
Cor S’%\(’QI/ \113@(.\4.\, . Lo MNolk i ste il
v/ 'L \ b 00 S V4 L g ‘/ _)

O — A% S |
50 %;srf a5 SO we go& & coyve of-

Soipr

v i LN AN

N

alsed, by i loellre, K- terpm
Nk AN . - v, |

T. Harmark ,, | | Laces 2013




Introduction to Black Holes Page 109 of 110

\/%QQL %b@() XL Llack Qp& tevre :‘(

R PN N S s e (FYNIYN

(6w6
AT
We.  Xould COmww"e P ﬁ”— (ﬂ/;ﬁeo/(
(‘vowﬁu_/
JL(\
N T, = 77— by cosby ol &
F w6
Welde q = Focos) o Sinhe-

'M”M—“ﬁ
\ h ﬁ

N hes v SiaNTe = /OL%f o

T. Harmark Laces 20135




Introduction to Black Holes Page 110 of 110

AqF : ab—f s\

e 50 e G () s

vt N N 5

- - - o

£ %" >0 = - ”“”(q\vx‘ﬁ L> >0

) (w=)siNT > [ S sl > ‘

So «a@k ol demt (g, (W% C)\% e
e CDL Ll/\ﬁl’b& / z.ﬁf&/pﬂanycg /

Ol vest — Lot bare Sloriteol vafhat

0 Ca/q’b“ca'f/’ea/\ 0(:@ Q?LS fov Wq"wﬂmvb cate
“ O’ﬁ A 6?“@0%@)‘“\/'2/ O§7f ﬁ ) V/VAt'ML/ ‘

—()

‘T. Harmark Laces 2013 .






